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A Baseline model

A.1 Perpetuities

Consider a perpetual default-free bond which pays a coupon of C' each period. Let P/ denote the price
of this perpetuity at time t. The gross return on the perpetual bond from time ¢ to ¢t 4 1 is

Pla+C

1 + Ri‘/-f—l = Py
t

To generate a tractable linear model, we use a Campbell-Shiller (1988) log-linear approximation to
the return on this perpetuity. Specifically, defining

0=1/(1+0C) <1,

the one-period log return on the long-term bond is
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where 1; is the log yield-to-maturity on the long-term bond at time ¢t and where

1 C+1

P=1—%~""7

is the Macaulay duration when the bond is trading at par.!
To derive this approximation note that the Campbell-Shiller (1988) approximation of the 1-period
log return is
e =10 (Pl + C) = pf = 0+ dp)yy + (1= 0) e —pi, (2)

where ¢ = log (C) and § = 1/ (1 + exp (¢ — p¥)) and @ = —log (§)— (1 — &) log (6 ' — 1) are parameters
of the log-linearization. Iterating equation (2) forward, the log bond price is

pi=(1- 5)71 0+c— ZZO 8B [7“%1/+z‘+1] .

Applying this approximation to the yield-to-maturity, defined as the constant return that equates bond
price and the discounted value of promised cashflows, we obtain

W=01=-80"04+c—(1-08"y. (3)

Equation (1) then follows by substituting the expression for p; in equation (3) into the Campbell-Shiller
return approximation in equation (2).

Assuming the steady-state price of the bonds is par (p¥ = 0), we have § = 1/ (1 + C). Thus, bond
duration is D = —dp /0y = (1 — )" = (1+ C) /C. Since

—0pt |0y = — (0P /OY:) (1 +Y3) /PY) = (Y + 1) /Y,

this corresponds to Macaulay duration when the bonds are trading at par (Y; = C).

! This log-linear approximation for default-free coupon-bearing bonds appears in Campbell, Lo, and MacKinlay (1997)
and Campbell (2018).



A.2 Equilibrium conjecture

There are three prices that we need to pin down in equilibrium: v, y;, and ¢;. We conjecture that
prices are a linear function of a state vector z;:

— Y y!
Y = QT+ O Zy,

* _ Y* yx/
Y = Qo toy 7z
— q ql

Qt — O{O + al Zt.

Given our assumptions, the 5 x 1 state vector z, = [i; —7, if —17, s —§, s{"— &, sg]/ follows a
VAR(1) process zy1 = ®z; + €141, with Var, [e141] = ¥ and = diag(e;, ¢;, s, Psv, $5a). We stack
these three prices as a vector y; = a+ Az, where y; = [y, ¥/, ¢, a = [a, 08", al], A = [, a¥*, af]'.

A.3 Equilibrium concept, multiplicity, and selection

A rational expectations equilibrium of our overlapping-generations model is a fixed point of a specific
operator involving the “price-impact” coefficients, a = vec (A), which show how the supplies impact
bond yields and FX prices. Specifically, consider the operator f () which gives the price-impact
coefficients that will clear the market for long-term bonds and FX when agents conjecture that a = .
Thus, a rational expectations equilibrium of our model is a fixed point a* = f (a*).

In any rational expectations equilibrium of our baseline model, bond yields always and FX prices
reflect the expected path of future short rates. As a result, risk premia do not depend on short rates.
This implies that an equilibrium of our baseline model is a solution to a system of 9 nonlinear equations
in 9 unknowns. Specifically, we need to determine how equilibrium yields and FX prices respond to
shifts in the supply of long-term bonds and the FX carry trade: this generates 9 unknowns and 9
corresponding equations.?

When supply is stochastic, an equilibrium solution only exists if investors are sufficiently risk
tolerant (i.e., for 7 sufficiently large). When an equilibrium exists, there are multiple equilibrium
solutions. Equilibrium non-existence and multiplicity of this sort arise in overlapping-generations,
rational-expectations models such as ours where risk-averse investors with finite investment horizons
trade an infinitely-lived asset that is subject to supply shocks.® Different equilibria correspond to
different self-fulfilling beliefs that investors can hold about the price-impact of supply shocks and,
hence, the risks associated with holding long-term bonds and the FX carry trade.

The intuition for equilibrium multiplicity can be understood most clearly if short-lived investors
hold a single long-lived asset. If investors are sufficiently risk tolerant there are two equilibria in this
special case: a low price impact (or low return volatility) equilibrium and a high price impact (or
high return volatility) equilibrium. If investors believe that supply shocks will have a large impact
on prices, they will perceive the asset as being highly risky. As a result, investors will only absorb a
positive supply shock if they are compensated by a large decline in prices, making the initial belief
self-fulfilling. However, if investors believe that prices will be less sensitive to supply shocks, they will
perceive the asset as being less risky and will absorb a supply shock even if they are only compensated
by a modest decline in prices.

While our model admits multiple equilibria, we always find a unique equilibrium that is stable

20nce we allow bond supply to depend on the level of yields and carry trade exposures to depend on the exchange
rate, risk premia will depend short rates. In that case, we need to determine how equilibrium yields and FX prices
respond to shifts in the supply of long-term bonds and the FX carry trade as well as short rates: this generates 15
unknowns and 15 corresponding equations.

3For previous treatments of these issues, see Spiegel (1998), Bacchetta and van Wincoop (2003), Watanabe (2008),
Banerjee (2011), Greenwood and Vayanos (2014), and Albagli (2015).



in the sense that equilibrium is robust to a small perturbation in investors’ beliefs regarding the
equilibrium that will prevail in the future. Formally, letting o) = a*+£ for some small £ and defining
a™ =f (a(”_l)), an equilibrium a* is stable if lim,,_,. @™ = o* and is unstable if lim,, ., o™ # a*.
Let {\;} denote the eigenvalues of the Jacobian D,f (a*). If max;|)\;| < 1, then a* is stable; if
max; |\;|] > 1, then a* is unstable. We focus on this unique stable equilibrium in our numerical
illustrations.

Why do we focus on the unique stable equilibrium? First, consistent with Samuelson’s (1947)
correspondence principle, the single stable equilibrium has local comparative statics that comport
with common sense economic intuition. By contrast, the unstable equilibria feature comparative
statics that conflict with standard intuition.* To understand the intuition for this result, consider
the impact of some parameter v on the equilibrium. An equilibrium satisfies a* = f (a*, 7). By the
implicit function theorem, we have

D,a* = [I - D,f (a*,7)] ' D, f(a*,7).

If an equilibrium is stable (as well as isolated and non-degenerate), then all of the eigenvalues of
D.f (a*,v) have a modulus less than 1 and we can write

D,a" = [3°7=, (Daf (a7, 7))i]va (7).

This says that comparative statics on a* have a straightforward interpretation in terms of a dynamic
adjustment process. The first-round direct effect is D,f (a*,v). The second-round indirect effect is
then Dof (a*,7) D,f (@*, 7). The third-round indirect effect is (Dqof (a*,7))? D,f (a*, 7). The total
effect is the sum across all rounds.” Samuelson’s correspondence principle refers to this correspondence
between equilibrium comparative statics and the result of this dynamic adjustment process.

When equilibrium only involves a single variable, knowledge that an equilibrium is stable (unsta-
ble) allows one to unambiguously determine the sign of equilibrium comparative statics (Samuelson
(1947)).5 Things are more complicated when an equilibrium involves multiple unknowns as it does in
our general (Arrow and Hahn (1971) and Echenique (2002, 2008)). In multivariate settings, knowledge
that an equilibrium is stable (or unstable) only allows one to unambiguously sign equilibrium compar-
ative statics in very special cases. However, the fact that an equilibrium is stable, still has qualitative
implications for comparative statics.

Second, the unique stable equilibrium of our general model has a well-behaved limit as investors’
risk tolerance grows large (7 — oo) in the sense that it converges to the equilibrium with risk-neutral
investors. By contrast, the unstable equilibria explode in this limit with one or more price-impact
coefficients going to infinity. Similarly, as the volatility of supply shocks vanishes, the stable equilibrium
converges to the equilibrium with deterministic supply. Again, the unstable equilibria explode in this
limit.

4For instance, in the simple case discussed above with only a single risky asset, the low price-impact equilibrium
is stable and the high price-impact equilibrium is unstable. At the stable equilibrium, an increase in the volatility of
short-term rate shocks or the volatility of supply shocks is associated with an increase in the price-impact coefficient
and an increase in the volatility of returns. By contrast, these comparitive statics take the opposite sign at the unstable
equilibrium.

"By contrast, if an equilibrium is unstable then some of the eigenvalues of Duf (a*,7) have a modulus greater
than 1. Thus, we have [I — Dof (a*,7)] " # > 2o Daf (a,7))] so Dya* # [Y oo (Daf (a*,7))']D,f (a*,7) and
comparative statics don’t have this intuitive interptation.

6Consider a univariate fixed point problem of the form a* = f (a*,v). An equilibrium is stable if |0 f (a*,7) /0| < 1.
The comparative static with respect to 7 is da* /8y = [1 — f (a*,~) /8a] " [Of (a*,~) /8y]. When |8f (a*,7) /dal <
1, we have da* /0y = [Y oo, (Of (a*,7) /0)'] [Of (a*,7) /O] < Of (a*,7) /Oy. However, when Of (a*,7) /0a > 1,
0a* /0y x —Of (a*,7) /0.



A.4 Equilibrium solution

To find a rational expectations equilibrium of our overlapping-generations model, we need to set up
the fixed point problem discussed above. In our baseline model, one can either think of this as a fixed
point problem involving A or V.

To set up this problem, we begin with the market-clearing conditions F; [rx;,;] = 77 'Vs;. We
write the vector of excess returns as

T 1lTayt - %yﬂ-l —
rxi1 = |raiy | = |25y — 2500 — i | = Boyt + Biyir1 + Rize + 10,
rfy Qi1 — @ + (i} — iy
where
& 0 0 -2 0 0 -1 0 00 0 —7
Bo=|0 5 0|,Bi=| 0 -5 0/,Ri=|0 -1 0 0 0f,andro= |—7
0 0 -1 0 0 1 -1 1 000 0

Substituing y; = a+ Az; and y;,; = a+ Az, = a+ APz, + Ae;yq, we obtain
Xy = [Boa + Bla + I'()] + [BQA + BlA(ﬁ + Rl] Z; + [BlA] Et41,

which implies
Et [I'Xt+1] = [Boa -+ Bla + I'[)] + [B()A + BlA(I) + Rl] Zy,

and
V = Var [rxi1] = BIAYA'B].

Finally, the vector of net asset supplies that fixed-income investor must hold in equilibrium can be
written as s; = sg + S12;, where

00100 sY
S;=1(0 0 0 1 0| andsy= |sY
00001 0

Thus, the market clearing conditions E; [rx;,1] = 77 'Vs; can be written as
[Boa + Bia+ 1] + [BoA + BiA® + Ry]z; = 7' (BJAZA'B)) (so + S12) - (4)

Since By, By, and ® are diagonal, it follows that [BoA + B;A®| = Ao [BoE + B;E®| where o
denotes element-wise matrix multiplication (i.e., the Hadamard product) and E is a 3 x 5 matrix of
1s. Specifically, we have

1-0¢;, 1-6¢, 1-6¢  1-0¢y  1—8¢.q
117535 117535 1 157;? 1 15}55 1 15755
— — 0@, — 0@, —0®sy —0®sy —0®sa
[BoE + B,E®] 1-5 -6 -5 -6 -6

¢z‘_1 ¢i_1 ¢sy_1 ¢Sy_1 ¢3q—1

Thus, matching the matrices multiplying the state vector z;, we see that A must solve the following
fixed point problem:

A = [77'B;AXA'B’S; — Ri] © [BoE + B,E®], (5)

where @ denotes element-wise matrix division (i.e., Hadamard division).” As we show below, the 6

"The price function that will clear markets today when agents conjecture that the price function will be A at all

5



elements for short rates are trivially pinned down, so this can be reduced to a fixed point problem
involving the 9 price impact coefficients which govern how prices respond to changes in asset supply.
Matching coefficients on the vector of constants, we find

(Bo + Bl) a = [TﬁlBlAzA/BiSO - I'0:| . (6)

Since the final row of By + B; only contains zeros, the constants for the two bond yields are pinned
down in equilibrium, but the constant for the exchange rate is not pinned down.

Coefficients on short rates To further characterize the solution A, we partition z; as z; = [z; ;, z_ |’
where z;; = [it -7, i — Z}/ and z,; = [si’ -5, st -3, sﬂ/. Thus, z;; contains the two state
variables that drive short rates and z,, contains the three state variables that drive asset supply.
Similarly, we partition A as A =[A;, A;] where A, is the 3 x 2 matrix of loadings on x;; and A is the

3 x 3 matrix of loadings on x,;. For an arbitrary matrix X, let X["=™ for m > n be the submatrix

consisting of columns n, n 4+ 1, ..., m — 1, mof X. Given the form of R; and S;, we see that
_56, —8b, 1-5
1-2 -1 0 115? 113?2 1-69; 0
Ai=-R7OBE+BED 7 =—|0 -1|o|a || 0 L2 (1)
1 1
-1 1 o —1 ¢ —1 T1mg,  1-4;

Thus, the coefficients A; governing how asset prices respond to interest rates are trivially pinned down
in any rational expectations equilibrium.

Price impact coefficients Next, making use of the assumed orthogonality between short rate shocks
and supply shocks, we partition the variance-covariance matrix of the shocks as

X, 0 o? po? o 00
Y= [0 i éf”] where X; = { i P ;‘] and X, = | 0 o2 0
3x2 S pO'i ai 0 0 O.?q
Thus, the variance covariance matrix of excess returns becomes
V = (B;A;3;AB)) + (B1AX,AB)). (8)

In other words, V is the sum of a term (B;A;X;A!B)) reflecting the fundamental risk generated by
future shocks to short rates and a term (B; A ;X;A.B) reflecting the non-fundamental risk generated
by future shocks to asset supply. Again, making use of the form of R; and S;, we obtain the following
fixed point problem involving A alone:

A, =F,(A,) =7 [(BATAB)) + (B;A,S,A'B))] © [BoE + B,E®]* | (9)

As discussed above, the operator F (Aj) gives the price function y; = g (As)+ Az +Fs (A;) 2, that
will clear the markets for long-term bonds and FX when agents conjecture that the risk of holding of
assets is determined by the price function y;1; = ag + A;z; 11 + AszZs,11. In other words, equation

future dates is A = BO_1 [7*1 (BlAEA’B’l) S1 — (B1A® + Rl)]. Of course, any solution to this modified fixed point
problem is a solution to the fixed point problem in equation (5) and vice versa.



(9) says that the equilibrium price impact coefficient must satisfy

1-§ 1-5 1=
Y Yy Y =
Qy Qg (g %_gqbsy V;/ 1_({(]58(% Cy,y* 1—6%55(; Cy#l
yx y* ye| _ _—1 | _1=6 = —
gy Qgyx  Ugg =T 1-8¢,y Cy,y* 1-6¢gy " Y* 1-6¢q Cy*,q ’
q q q 1 1 1
Oy asy* N gq 1—¢y Cy,q 1—¢.y Cy*:q 1—¢yq ‘/q

’ o1 . .
where V, = Var [rz¢,,] and C,» = Cov[ray,,,rz{,,] are the equilibrium return (co)variances.

The variance-covariance matrix in the absence of supply risk is (B;A;3;A/B)

2 2
) 2 6 2 ) 1 2
(176@-) 7i (Hm) Pai =57, =57 (17F)
2 2
) 2 ) 2 ) 1 2
<_1—5¢>i> Pai (176@-) i ~T 1,0 (170)

2
ot (1-p) — et (1-p) () 202 (-p)

The contribution of supply risk to the variance-covariance matrix is (B;A,X,A,/B))

[ (0%)? 02, (a¥,a¥) 02, (@%at) o2 \]
(25| +@nPer | (%) | +akatined | (25 | +(ekhal) o
+ (Oégq)z Uzq + (Oég‘l O‘ﬂ) ng + (Oégq@gq> Uzq
(advaly) 0%, (ai{;f o2y (a¥yaly)o?,
(2 [ ety | @t vehpen | () [ e
+ (adals) o, + (%) o2, +(adsads) 0%,
(advady) o2 (yady) o2, (ozgy)2 o2,
- (1;i6) + (o o) Ugy - (%) + (afy- gy ) Ugy + (agy*)2 Ugy
| + (azqagq) Uzq + (ozgffagq) qu + (Oégq)Q qu |

As we will show below, any solution to this fixed point problem must satisfy o¥, = a%., o%,.

y o yx q _ q
Ogq = —Qgq, and gy = —Qgye.

(10)

(11)

(12)

Yy*

= asy,

Recasting the fixed-point problem in terms of the variance-covariance matrix We now
recast this fixed point problem involving the 3 x 3 matrix A, as a fixed point problem involving the
3 x 3 variance-covariance matrix of returns V—i.e., a fixed point of the form V = G (V). While A; is
not symmetric, V is symmetric, effectively reducing the fixed-point in 9 unknowns to one involving 6
unknowns. Specifically, making use of equations (8), (10), (11), and (12) and defining the constants,

L6 5

7o 0= g
s

gy:T 1_6¢Sy

Osa, hy =7 Osv,and hy =7 Osa,

L1 o1
].—Qbsy 1_¢5‘1

(13)



we find that V must satisfy the following system of 6 equations in 6 unknowns:

Vo= (1) A 00 43 o 442 o) (142)
Ve = ( ) o+ (92 (V) 492 (Cyr) 492 (Cye )] (14b)
V, = ( ¢Z> L=p) + [hy (Cya)” +1 (Cyr ) +15 (Vy)”] (14c)
Cyye = (1 (5@) p0+ %nyy*+g§%*(]y’y*—|—g§C’y’qu*’q} (14d)
Cyg = — €Z5Z —le o? (1—p) + (9,7 Vy Cy a0y 1y Cy oy Cpa g +9,74Cy 0 Vi (14e)
Coea = =7 (; i ! 5.7 (=0 % [0 Vi Cor 9y o Coar 0l i aVi] (14f)

These equations give the actual risk of holding assets when agents make specific conjectures about
future asset risk and thus demand commensurate discounts to absorb supply-and-demand shocks.

It is easy to see that any solution to this fixed-point problem must satisfy V,, = V. and C, v =
—Cy.q- To see this, subtract the second equation from the first to obtain V, — V = g7 x ((Cyq)” —

(Cyeo)?). Next, add the fifth and sixth equations to obtain Cy 4 + Cyug = [9,0yCyrq X (Vi — V)] +
1 — gyhy(Cyo +Vy) — g4hyV,]. Combining these two expressions, we have
£0
951y 93Cy+q (Cyqg = Cysg)
1= gyhy (Cyye +Vy) — gqhgVq

Cyg+ Cyug = [ X (Cyq + Cysq)
which implies that C, , + Cy. , = 0. It then follows that V, = V..

Imposing this symmetry condition, we are left with a fixed point problem involving just four
unknowns:

Vo= (5 @)zaf [ (Ve + 62 (Coae ) 462 (C) (150)
o= (1) 200 4 O 1 07 (15b)
Cpye = ( > + [202V,Cy e — 62 (Cyo)?] (15¢)
Cpa = 1_5@1; (1=p) + [hygy (Vy = ) + 1gVi] Co (154)

A.5 Characterizing the solution

We now characterize the solution to the system of equations in (15). We first discuss the solution in
the limiting case where supply risk vanishes. We then discuss the solution in the general case where
both 07 > 0 and 07 > 0. Finally, we discuss the solution in the special case where 07 > 0 and

2 _
o;, = 0.



A.5.1 Limiting case with no supply risk
Taking the limit as supply risk grows small (35 — 0), we have

2 2
5 5 51
(14@) o} (175@.) po; 160, 1 ¢U2<1_P)
2 2
EliI_T}OVI(BlAiEiAQBﬁ): (1fjs¢.> po; (ﬁ) o} —ms o =) |
2
1 fS(b 1— ¢ (1 p) _1:33@_ 1*1‘151'0-12 (1_p) <1,1¢i) 20-? (1_/))
and lims, o A, = 71 (B1A;3;A/B)) @ [ByE + B,E®]*
2
1-06 ) 2 1-§ [ 2 1-9 é 1 2
" <1—6¢i) i -3¢ ( 5¢> Pa; T 105, 15,01 (10)
2 2
_ 1 1-6 é 2 é 1-90 )
=7 =56y (1—5¢~> PO - 5¢y ( —5% ) o7 T 1044 1=0¢, 1— ¢ a7 (1=p)
D S 6 1 1
T 1-¢.y 1-0¢, 1— ¢> o7 (1=p) 1= ¢y1 T-6¢; 1— ¢> o7 (1-p) T 1 4.4 (g) 207 (1-p)

In the limit where supply risk grows small (X5 — 0), all of the price-impact coefficients have the ex-
pected signs. Since the model’s stable equilibrium is continuous in the model’s underlying parameters,
this guarantees that the price-impact coefficients will always have same signs when supply risk is small.

A.5.2 General solution with both bond and FX supply shocks

When 02, > 0 and %, > 0, solving the model involves reducing a system of four quadratic equations in
four unknowns to an equation that behaves like a cubic in a single unknown, characterizing solutions
to that equation, and then solving the rest of the system. We assume throughout that p < 1.

Step #1: Solve for A =V, - C,,. as a function of C, .
C,.4+ from condition (15a) for V,, to obtain the following quadratic in A =V,

We subtract condition (15¢) for
— Oy st

)
1-59,

2
(Vy = o) = ( ) 02 (1=p) + 62 (Vy — Gy + 26 (C)*

Since the right-hand-side is always positive, we must have A =V, — C, . > 0. We then solve the
following quadratic equation for A = (V,, — C,, ,.) as a function of C, ;:

ca(Cy,q)>0
apn>0 - % . ~
2 2 2 2 5 2
0= g, A=A+ |29, (Cyq)” + — o (1=p)|.

A real solution only exists if

5 2
1 > 4¢3 |29; (cy,q>2+(1_5¢i) o?(l—p)]
oo\’ 07 o\ 2 5\,
= [2<1—6¢sq> '+ (157,) (1_”]



or 7 > 7 (Cy,)—i.e., if risk tolerance is sufficiently larger—where this cutoff is an increasing function
of Cy 4.
Let A (C,,) denote the smaller solution to this quadratic:

1— \/1—4CLACA (Cyﬂ)

A (Cy7q> = 2an

: (16)

which corresponds to the stable solution to the fixed point problem. Call the solution A (C,,) > 0

and note that 02C
9q%“y.q
A(C,,) = d C
(Cyq) 1—g22A (Cy) X Cygs

since 1—g72A (Cy,) > 0 at the relevant solution. Thus, A’ (0) = 0, A"(C,4) > 0 when C,, > 0, and
A'(Cy4) < 0 when Cy, < 0. Also note that

29q (1 922A (C )) + 49;92A, (Cy,q) Cyq -0
5 .
[1_ (gy) 2A* (Cy,q)}

A" (Cyy) =

Thus, A (C,,) is a positive, U-shaped function of C,, ;. Also, note that we have g2A < 1.

Step #2: Solve for V, as a function of C,,. Next, we solve for V, as a function of C,,.
Rearranging condition (15b) for V, we want to solve the following quadratic for V, as a function of

Cygt

Vg (Cy,q)>0
avq>0 -~ /\ -
2 2 2 2 1 ’ 2
0= hy (Vo)" =Va+{2h,(Cyq)” + s 207 (1—p) |.

A real solution only exists if 7 > 7, (C,,) where this cutoff is an increasing function of Cy ,. Let

1- \/1 —day,cv, (Cy)

vy (Cyq) = 2ay,

>0 (17)

denote the smaller root of this quadratic which corresponds to the stable solution to the fixed point
problem. Note that, at the relevant solution to this quadratic, v (0) = 0, v; (Cy4) > 0 when C, , > 0,
and v; (Cy,) < 0 when C,, < 0. Also, note that vy (C,,) > 0. Thus, v,(C,,) is also a positive,
U-shaped function of (), ,. Also, note that we have hqu < 1.

Step #3: Plug these functions back into condition (15d) for C,, and solve for C,,.
Plugging in these two functions—A (C,,) and v, (C, ,)—into condition (15d) for C, ,, we obtain the
following equation in one unknown for C, ,:

(5 1
Cyg=F (Cy,q> =

; (1_P) + [Py gy A (Cyg) + hygqvq (Cyg)] Cy g (18)

We now use the properties of F'(C'
F (C,,4) has the following properties:

.q) to characterize the solutions to C, , = F' (C,,). Specifically,

o F(0)= 550t (1-p) > 0.

10



e F'(C,,) >0 forall C,,. To see this note that
F (Cyq) = [hygyA (Cyq) + hagevq (Cyq)] + [hygyA/ (Cyq) + hng”i; (Oy,q)} Cyyq

Since A (Cyq) > 0, v4(Cyq) > 0, and sign (A’ (Cy4)) = sign (v}, (Cyq)) = sign(Cy4), we have
F'(C,,) >0 for all C,,.

o F"(Cy4) >0 when Cy, > 0 and F"(C,,) < 0 when C,, < 0. This follows from the fact that

" (Cyq) =2 [hygyA, (Cyq) + hng”:; (Cyﬂz)} + [hygyA” (Cyq) + hngVZ (Cy,q)] Cyq-

o Together, these three previous properties imply that F'(C,,) is a “cubic-shaped” function—i.e.,
F(C,,) is shaped like A+ BX? for A,B > 0. To be clear, F'(C,,) is not actually a cubic
function of Cy ,. It simply behaves qualitatively like a cubic function of C, .

Knowing that F' (Cy,) is “cubic-shaped” allows us to characterize the solutions to C, , = F (Cy,)-
We have the following results:

e Positive solutions: Since (i) ' (0) > 0 and (ii) £’ (C,,) > 0 and F" (C,,) > 0 when C, , > 0,
there are no positive solutions if £” (0) > 1. If F” (0) < 1, positive solutions may or may not exist.
If there are positive solutions, there can be one or two solutions: a smaller stable solution (at
which F'(Cy,) < 1) and a larger unstable solution (at which F” (C,,) > 1). Since the existence
of A(C,,) and v, (C,,) depends on C, ,—they may exist for (C,,)* small but not for (C,,)”
large—it is possible that no positive solutions exist. And, is possible that the smaller stable root
exists, but that the larger unstable root does not exist.

e Negative solutions: Since (i) F'(0) > 0 and (ii) ' (Cy4) > 0 and F" (C,4) < 0 when C, , > 0,
there is at most a single negative solution. Furthermore, if it exists, this negative solution must
satisfy F” (C’;’q) > l—i.e., it corresponds to an unstable solution to the fixed point problem.
Since F'(Cy,) is cubic shaped, we have C,, — F (Cy,) < 0 for C,, — —oo, assuming that
F(Cy,) continues to exist as C, , — —oo. However, since the existence of A (C,,) and v, (C, )
depends on C, ,—they may exist for (C,,)* small but not (C,,)* large—it is possible that this
negative unstable root does not exist.

e Summary: Any stable solution is positive: In summary, C,, = F (C,,) may have 0, 1,
2, or 3 solutions. If positive solutions exist, there is one stable positive solution (the smaller
positive solution) and potentially one additional unstable positive solution (the larger positive
solution). There is at most one negative solution to C,, = F'(C,,) which is always unstable.

Thus, any stable solution is positive. If a stable solution exists, we call this solution CA'M > 0.

e Conditions to ensure existence of a positive stable solution: A positive stable solution
will never exist if 1 < F’(0). Therefore, a necessary—but not sufficient—condition for a positive
stable solution to exist is that:

1> F'(0) = g,hyA(0,7) + gghqgvy (0,7).

Since both A (0,7) and v, (0,7) are decreasing in 7, this implies that we need 7 sufficiently
large. So we need 7 > 7¢,, where 7¢,  is implicitly defined as the solution to 1 = F'(0,7).
However, knowing that 7 > 7¢, . is necessary—but not sufficient—to ensure the existence of a
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positive stable solution. Furthermore, it is clear that only the positive stable solution exists for
7704 — 0 and 7o, — 0, since

0 1
li F(Cyy) = 7——
T_lﬂsyﬂ(},rg'l_lﬂsqﬂo ( y,q) 1_5¢i 1—9,

07 (1—p) = Constant > 0.

Step #4: If a positive stable solution C’M exists, use it to solve for V,, V,, C, .. First,
we solve condition (15a) for Vj,. We know C,, and A = A(C,,). To determine V,, we use condition
(15a) and solve the following quadratic equation for V,,

) 5 \? .
0 = g; (Vy)2 + g;(% - A)2 - Vy + ((1_&25,) a? - QS(CM)Z)

. 5 \? L\ 2 .
- sy eagam e () ot o (6) )

A real solution only exists if 7 > %y(é’y,q). As usual, if we want the smaller, stable solution of this
quadratic. Call this solution Vy

Second, we can read off the solution to V,: it is V, = v,(C,,) > 0.

Third, we can read off the solution to C ,,: it is CA’Z’Wk = ‘A/y ~A < Vy Somewhat surprisingly, when
o2, > 0, we can have CA'yvy* < 0 because foreign exchange supply shocks push domestic and long-term
yields in opposite directions. For instance, if 0%, > 0, 0%, = 02, = 0, and p = 0, condition (15c)
becomes

Cyyx = _92 (Cy,q)2 <0,

so we must have é%y* < 0. However, when p > 0, the two long-term yields tend to move in the
same direction because domestic and foreign short rates are positively correlated. As a result, we have
Cyy« > 0 unless foreign exchange supply shocks are large and p is near zero.

Summary of solution. When o2, > 0, 6%, > 0, and p € (0,1), we have

. 5\’ - 1\’ A 5 1

Vo> |——) 02>0,V, > 202 (1—p) >0, and C, , > —— 2(1—p) >0
Y (1_5¢1) 0y q (1_¢Z> Uz( p) 1 Y.q 1_5¢1 1_¢io-z( p)
in the model’s unique stable equilibrium. Naturally, once we add supply shocks, the equilibrium
volatility of all three excess returns exceeds that in the absence of supply shocks. And, the equilibrium
covariance between the excess returns on domestic bonds and the FX carry trade is positive—i.e.,
Cyq = Covy [m:f{ 1, Ty +1] > (0—and exceeds that in the absence of supply shocks. However, we can

have CA'y,y* < 0 in the unique stable equilibrium. Specifically, if 02, > 0 and ¢?, = 02,. = 0, then we
have C . <0 as p — 0.
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Solution properties. Consider a stable solution of the model. We show that ‘7,1 — QCA’M > 0 and
Cyg+Cyye —V, >0 when 6 <1 and p < 1. First, using the equations in (15), note that

éyﬂz + C’y,y* - VE/
502 (1-0) (1= p) o o : o
= (1 — cbz) (5@ — 1)2 + [(hygy(v;; - Cy,y*) + hngVq)CW - QQS(Cy,q)Q - 95(% - Cy7y*)2]

SRA=8)(1=p) 2 o L o1 e oo
(1—o,) (1— 5¢‘)2 + QZ(Vy — Cyye) X [Cy g+ Cyyu — V| + 9§Cy,q x [V —2Cy 4],

where the last line follows from the facts that the hs are larger than the gs, V, — C,,. > 0, and
Cyq > 0. Since g2(V, — Cy ) < 1 in equilibrium (see above), we have

>

a>0 biO
. A ~ do2(1—0)(1—p) 1 h ggéyg o

[Cyg + Cyyu — V3] > x [Vq 2C’y,q]- (19)

T A T T
(1—¢;)(1—=6¢;)"1— gy(‘/;/ —Cyye)  1— gy(‘/;/ — Cy )
Proceeding similarly, we have
[Vq - QC’y,q]
2% (1-3) (1 - p

)
(1—¢;)% (1= 6¢,)
20% (1 —6) (1 - p)

)

(1— ;)% (1 - 69,

Since hgf/q < 1 in equilibrium (see above), we have

>0 d>0
- % ™~ /_/%
. . 202(1—=06)(1—p) 1 2h2Cy, .

[Vq - 2Oy,q} > X [Cy,q + éyw* - Vy} (20)

(1= )" (1=00,) 1= h3V,  1-h3V,
Treating a, b, ¢, and d as fixed positive constants and [C}, ,+C, . — V,] and [V, —2C,, 4] as unknowns
to be characterized, we have shown that

~ ~

[Vq - 2éy,q]/d - C/d > [éy,q + CA(y,y* - V;/] >a+b X [Vq - 26y,q]~ (21)

~ ~

Thus, it follows that the equilibrium solution must satisfy [V, — 2C, 4] > 0 and [Cy, + Cyyu — V,] > 0
when § < 1 and p < 1.

Additional results for Subsection 3.3.3 An analogous set of results to those presented in Section
3.3.3 also hold when ¢, > 0. In this case, we have

>0 >0
E, [rxgﬂ] = [T_le q} X (sf —s7") + [7_1\/,1] X 5], (22)
>0 >0
By [Txtﬂ Tfﬂtil] = [T_l (Vy — Cyy )] x (s{ —s{") + [27_1Cy7q] x sf (23)
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Thus, both (i) the expected return on FX carry trade and (ii) difference between domestic and foreign
bond risk premia are increasing in (a) the difference in domestic and foreign bond supply and (b) the
supply of FX carry trade. Combining these equations, we obtain

>0 >0
—C, ) —2 2
Ey [ral ] = [—Vy fygy y*} X By [raf,, —raliy] + |77 (Vq Vy ny;ygy . (Cyq) )] xsi.  (24)

As in Section 3.3.3, the expected return on the FX carry trade is increasing in the difference between
domestic and foreign risk premia. However, there is now a second term that reflects the impact of FX
supply on the FX carry trade over and above the impact that FX supply has on the difference in bond
risk premia.®

Finally, the expected return on the long-term carry trade is

€(0,771Cq,q) €(0,771Vy)

Ly [rxfﬂ—i- (T‘r%il_rx%+l)} = [T_l (Cyg— (Vy_oy,y*m x (s{—s{") + [7_1 <Vq_20y7q)} X s{. (25)

Thus, comparing equations (22) and (25), we see that the expected return on the long-term FX carry
trade is less responsive to movements in (s{ — s¥*) and s{—and, hence, less variable over time—than
that on the short-term FX carry trade. Specifically, since (V, — C, ) > 0 and C,, > 0, we have
Cyqg— (Vy—Cyyr) < Cyqand V, —2C, , < V,. And, as shown above, both terms are still positive in
the presence of supply risk.”

Finally, lims_,; [Cy 4 + Cy o — V,] = lim, 1 [Cy 4, + Cy - — V] = 0 and lims_,; [V, — 2C, ;] = lim,; [V, — 2C,
0. Since Var, [raf,, + (raft, —rzf, )] = V,42V,—2C, . —4C, 4, this implies that lims_; Var, [rzf , + (raf;, -
lim, . Vary [rzf , + (ra; —ra?,,)] = 0. In the limiting cases where long-term bonds have infinite
duration or whether the domestic and foreign short rates are perfectly correlated, the long-term FX
carry trade is completely riskless and therefore earns a zero excess return.

Of course, this result assumes that there are no independent shocks to long-run FX fundamentals
(agoo = 0) as in our baseline model. When there are independent shocks to long-run FX fundamen-
tals (02 > 0), we still have lims_ [Cy 4 + Cyy» — V] = lim, 1 [Cy 4 + Cy 4« — V] = 0. However, when
02 > 0, we now have lims_; [V, — 2C, 4] = lim,_ [V, — 2C, ;] > O and lim;_, Var, [raf,, + (raff, —raf)] =
lim, 1 Var, [raf, + (raly, —raf,,)] > 0.

®In the presence of supply risk, we have det (V) = (V, + Cyy-) [V (Vy, — Cyye) — Q(Cy,q)2] > 0 Thus, since
(Vy + Cy ) > 0, we have V, (Vy, — Cy =) — 2(Cy4)° > 0 and the term multiplying s¢ is positive.

9To interpret this expression, mnote that [Cyq— (Vy = Cyy)] = Couv [raf,, + (rali, —ral,,),ra}, ] and
Vo —2Cy 4] = Covy [raf,y + (rafl, —ral,,) ,rzi,].
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A.5.3 Solution with only bond supply shocks

When o,, = 0, we have g, = h, = 0 and the system of equations simplifies further. Specifically, the
fixed point problem reduces to the following system of four equations in four unknowns:

6 2

V= (15) o RO+ (CY (261)
2

v, = ( 1¢) 202 (1-p) + 202 (Cy ) (26D)

1)

Cyys = ( ) + [2¢2V,Cy. 4] (26¢)
1

Cy,q = 1— 5¢ 1— ¢ (1 P) [hygy<%_cy7y*)]0y,q (26d)

We now assume that p € (0,1). This system can be solved using the following sequence of steps.

Step #1: Solve for A =V, —C,,«. Subtracting the condition (26¢) for C, ,~ the from condition
(26a) for V,,, we obtain

5 2
V= Cone = (15 ) 72 1= )+ 820V, = G 20

We can solve the resulting quadratic for A =V, — C, ,» > 0. The quadratic is

2
0=g.A*— A+(1_55¢.) ol (1-p), (27)

which has a real solution if and only if

T o o
3> V1—px 1—5¢i0i X 1_6¢Syasy. (28)

The model’s stable equilibrium corresponds to the smaller root of this quadratic and is given by

2
. 1_\/1_4911(1 5¢> oi (1—p)

A =
2qu

> 0. (29)

This stable solution A converges to A = 0as p — 1 and to A = (Jo;/ (1 — 0, N2 (1—p)asT low — 0.
This stable solution also has natural comparative statics: dA/07 < 0, A /9oy > 0, dA/d,, > 0,
A )do; >0, dA/d¢; > 0, and DA /dp < 0.

Step #2: Substitute A into condition (26d) for C,, to obtain a solution for C,, . We
substitute the solution for A into condition (26d) for C} , and solve to obtain a solution for C,, ,. Doing
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so we obtain the following solution for Cy ;:
do; o 00 (o
b <1—6¢i> <1—¢i> (1=p) (1—5@) (1—@) (1=p)
va = A = .
1 —gyhyA o 510w \2 (60 \?
- 1oy () (35) a-0)

We can show that we must have

" T ow 0t o A R
1 > gyhyA = (1 _ ¢Sy) (1 o 5¢sy) (V;/ - Cy,y*),

in any stable equilibrium. Thus, we have CA’M > 0 in any stable equilibrium and CA'y,q > 0 when

p € [0,1). Intuitively, if this condition doesn’t hold then, from condition (26d), a small perturbation

to the equilibrium value of C, , leads to larger and larger changes in C), 4, indicating that the equilibrium

solution is unstable. Formally, we can show that gyhyA > 0 is one of the eigenvalues of the Jacobian

matrix of the relevant fixed point problem, so we must have gyhyA < 1 in any stable equilibrium.
Finally, it is easy to see that 8C'y,q/8p < 0 and that CA'y,q = (0 when p = 1.

Step #3: Substitute A into condition (26c) for C,,« to obtain a solution for C .
Proceeding similarly, we substitute V, = A + C, ,~ into condition (26c), we obtain

5 \? A
Cyys = (m) :0‘712 + 29§(A + Cyyr ) Cyye-

Thus, we need to solve the following quadratic in C), ,-:

. 5 \2
0= 2g§ (C'y’y*)2 + (2g§A —1)Cyy + (1_5(/5) pos. (31)

We can show that 29§A = 295 (V, = C,,+) < 1in any stable equilibrium. Specifically, we can show
that 2g2A = 297 (V, — Cy4+) > 0 is one of the eigenvalues of the Jacobian matrix of the relevant fixed
point operator, so we must have 29§A = 295 (V, — Cy4+) < 1in any stable equilibrium. Thus, so long

as p > 0, it follows that (:”yyy* > ( in any stable equilibrium.
Since 1 — 2¢2A > 0, a real solution exists so long as 1 — 2g2A > 2v/2g, (6/ (1 — 6¢;)) 041/p. Using
the expressions for A and gy, this is equivalent to

) )
>4/14+pXx 1—(5¢igix 1—5¢sy08y.

2|

The relevant stable solution for C, ,« is

2
A A [
P (1-2g;A) - \/(1 —2g;A)? — 8g7 (m) po; .
* = > .
vy 4g2.

At this stable solution, we have C, - — 0 when p — 0 and C,, ~ — V,, when p — 1.
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Step #4: Obtain solutions for V}, and V. The solution for V, is trivially given by
V,=A+0C,, >0.

And, the solution for V, is given by

~ 1 2 9 T_lO'sy 2 A 2
o (1 Y st 2 () G

Solution summary. When 02, = 0, 02, > 0, and p € (0,1), we have V,, > 0, V, > 0, C,, > 0,
and C,« > (0/ (1—6¢,))% po? > 0 in the model’s unique stable equilibrium. Thus, in this case, all
equilibrium variance and covariances exceed those in the absence of supply risk.

Solution properties. We are interested in the term in square brackets in

A

Cy,q

— | X By [ral,, —ralyy]. (32)
Vy B Cy,y*

Ly [”5?+J =

N

Since éyq >0 and v — Cy y > 0 in any stable equilibrium, this quantity is obviously positive. We
now show that [C,,/( )] > 1. Using equation (27), we can rewrite this term as

-
PN lese)ion () )

va _ _ * = :
Vy = Cyyr A (T 1"Sy) <6T71”59>A b SR B i\
1=¢ ) \ 1-00s (kwﬂﬁ 3(1—6) Ap_<ﬁﬁﬁ o;
where A? = A/ (1 — p) is the smaller root of the following quadratic equation

67 1o\’ ) 5 \?
0:(1—6¢sy> 1=n){&) _A”(l—éem) 7

Since A? > (6/ (1 — 6¢,))? 02 when p < 1, it follows that

~ ) 1 ) 1
Cya  _ (175@0@-) (1,@@) - (1,5@01-) (17@-‘”) _ T
V=Crr (6 oV 16 (Ar_ (2 0o 5 o) =
=66, 71) 7 3(0-p.) ~\1-ss, ) i 1-5¢; " ’

It is also easy to see that AA?/dp < 0 when o2, > 0, thus we have

. As

91 G | O0A

Op V;/ - Oy,y Op
when 02, > 0. Finally, since C,, > (V,, — C, ), it follows that

(0,1)
>0 - ~ 7\ N ~
-~ — ~ AA - ~ N _O "
E [mct+1+ (rxt+l Txt+1)] =[r 1(qu_( y—Cyy )X (s{—s{") = [1_ e X Ey [rxt—i-l}
Y,q
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A.5.4 Allowing for asymmetries between the two countries

This subsection discusses how the results of our baseline model in Section 3 generalize if we allow the
two countries to have different short rate and bond supply processes.

First, since the stable equilibrium is continuous in the model’s underlying parameters, Propo-
sition 2 implies that Cy, > 0 whenever p < 1 and the short rates and bond supply follow suffi-
ciently symmetric processes. For example, while Couv[rzi ,raf ] # —Covray,raf,,], we still
have Cov[rzf,,,ral 4] > 0 and Cov[rz};,, raf ;] < 0 if there are moderate asymmetries between the
domestic and foreign short rate and bond supply processes—e.g., there can be moderate differences in
either the volatilities or persistences. Furthermore, C, ,« > 0 whenever p > 0, the short rates and bond
supply follow sufficiently symmetric processes, and when FX supply risk is sufficiently small relative
to p.

However, things grow more complicated if we allow for highly asymmetric short rate and bond
supply processes. For instance, with highly asymmetric short rate processes, the sign of (), is
ambiguous and the sign of C,, need not be opposite that of C,,. For instance, suppose that
of = Vares, ] # Varye,,,] = of, but the two short rates share the same persistence ¢;. Then,
focusing on the limit where there is no supply risk for simplicity, we have

(5 2
Cyvy* = (1 _ (5¢) po-lo-l*7 (33&)
1 ) 2 O ;%
1 ) 2 g;
g = ———— w1 — .
Cyr 4 =51 5¢ial ( pai*) (33c)

While we still have Cy ,« > 0 so long as p > 0, the behavior of C} , and C- 4 is more complicated.
Noting that po/o; (po;/o) is the coefficient from a regression of i} on i; (i; on i}), there are now
three possible case:!'?

1. If 1 > max{po;/0;, poi/o;»}—i.e., if the short rates are sufficiently symmetric, Cy,, > 0 and
Cyq <0.

2. If pos/o; > 1 > po;/ox—i.e., if foreign short rates move more than one-for-one with domestic
short rates, then C , < 0 and Cy+ , < 0.

3. If po;/oyx > 1> poy/o—i.e., if domestic short rates move more than one-for-one with foreign
short rates, C, , > 0 and Cy- , > 0.

Thus, in the event of a positive shock to the supply of long-term dollar bonds, foreign currencies
with po«/o; < 1 would be expected to depreciate against the dollar on impact and then appreciate
going forward: this is the case emphasized in the main text. By contrast, foreign currencies with
poi+/o; > 1 would be expected to appreciate versus the dollar on impact and then depreciate going
forward. To see the intuition, suppose that po;/o; > 1 > po;/o;«, so foreign short rates move more
than one-for-one with domestic short rates. Here an increase in the supply of long-term domestic
bonds leads to a larger increase in the price of foreign short rate risk than in the price of domestic
foreign short rate risk. Since foreign exchange has a positive exposure to domestic short rates and a
negative—and opposite—exposure to foreign short rates, the increase in domestic bond supply actually
reduces the expected future return on foreign exchange, leading foreign currency to appreciate today.
And, since an increase in foreign bond supply also has a larger impact on the price of foreign short
rate risk, such a shock also leads foreign currency to appreciate.

"However, since min {po;-/o;, po;/o+} < 1, we can never have C, , < 0 and Cy= , > 0.
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A.6 A unified approach to carry trade returns

In Section 3.4, we extend the baseline model to explain the linkages between expected carry trade
returns and short-term interest rates. To do so, we assume that the total net supplies that must be
absorbed by arbitrageurs are

~S, 0 0
n, =s; +Syy, where S, = | 0 =S5, 0. (34)
0 0 S,

Thus, following Vayanos and Vila (2019), we assume the supplies of long-term bonds in both currencies
are decreasing in the relevant long-term bond yield; and, following Gabaix and Maggiori (2015), we
assume the supply of the FX carry trade is increasing in strength of the foreign currency. Since
s; = So + S1z; and y;, = a + Az, we have n, = (sg + S;a) + (S1 + S2A) z,.

The market clearing condition for the extended model, namely F; [rx;,1] = 771Vn,, can be written
as

[Bga -+ Bla + ro] + [BoA + BlAq) + Rl] Z; = 7'_1V (SO + Sga) +7'_1V (Sl + SzA) Zy, (35)

where V = (BjAXA'B)).
Matching slope coefficients in equation (35), we have

[BoE + BiE®] 0o A—77'VS,A = 77'VS; — R,.
To solve for A, we vectorize this condition to obtain
diag (vec (BoE + B1E®)) vec (A) — 771 (Is ® (VSy)) vec (A) = vec (7'VS; — Ry)

where I is the 5 x 5 identity matrix and ® denotes a Kronecker product. Solving this equation vec (A),
we require

vec (A) = [diag (vec (BoE + B1E®)) — 7 H(I; ® (VSQ))] “ec (T_lvsl — R1) ; (36)

where we note that the matrix is square brackets is block-diagonal. Finally, since V = B;AYXA'B/,
we obtain the following fixed-point point problem in A:

vec (A) = [diag (vec (BoE + B1E®)) — 77 (I; ® (B;AXA'B]S,))] “vec (TT'BLATA'B)S; — Ry) .
(37)
Natural, the fixed point problem in equation (36) reduces to that in equation (5) when S, = 0.
Matching constant terms in equation (35), we obtain

(B0+B1 - T_IVSQ) a = (T_IVSO — I'()) .

This condition always allows us to pin down the steady state levels of bond yields, o and «f*. When
S, =0, (Bo+B; — 77'VS,) is singular and the steady-state level of exchange rates o is not pinned
down as in the baseline model. However, when S, > 0, (Bo+B; — 771VS,) is invertible and ad
is pinned down. Specifically, since we have assumed the home and foreign countries are perfectly
symmetric, we have oy = 0. (We would not have ol = 0 if the countries were not symmetric.)
Intuitively, of is pinned down because the steady-state supply of the FX carry trade depends on the
steady-state level of the exchange rate.

We are mainly interested in the loadings on i; and ;. Using equation (36), the loadings on i; take
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the form

sy -1

! L0 4 18V, TS, Gy —7718,C,, 1

ai" | = TﬁlSyOyvy* 13? + TﬁlSyV;J TﬁlSquvq 0 (38)
Q; T_lsyCy,q _T_lsycy,q - (1 - ¢z) - T_lsqvq 1

and the loadings on 7; take the form

_5, -1
al. 9% 18V, 118, C —778,Cy g 0
| = 7718, Cyy 11_:5? +7718,V, 7718,Cy,q 1 (39)
o 718,Cyq —7718,Cyq —(1—¢;) =775,V —1
Thus, it follows that
alf =af, ol = oY, and o, = —al. (40)
We study the extended model in two specific cases:
e Case #1: S, >0and S, =0.
e Case #2: S, =0 and S, > 0.
A.6.1 Calculations for Case #1: S, >0 and S, = 0.
General analysis When S, > 0 and S, = 0, equation (38) implies that the loadings on i; are
y 1-6 1—¢i+7—71$q‘/q_7—715q0y7q
Q; 1-0¢; 1*¢if7713qvq
yx 1—-§ T 1S5qCYy,
o T-56; 16,17 1574 (41)

1¢I5,V
and the loading on i again satisfy equation (40). Using equations (41) and (40), we note that
1—¢
1—d¢,

Bounding the quantities in equation (41), we see that:

Y L/
ai+ai*_

< 1.

1. oY € <0, %) so long as (i) 0 < C,, and (i) 7715,C,, < 1— ¢, + 7715,Vy;

Yy 1-90 3 .
® o < i, solong as (1) 0 < Cyys

e ! > 0solong as (ii) 7715,C,, <1—¢; + 7715,Vy;

2. " > 0solong as 0 < C, 4;

3. ol € <—1%¢_,0) since V, > 0.

We now explore how changes in short-term interest rates impact equilibrium expected excess re-
turns. Since V, > 0, we have

. 18V,
v = 0B [raf ] 0i; = (¢, — 1) ok +1 = 1—¢, + ;*quVq ~

0.
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Symmetrically, we have 7! = OE; [raf, ] /9i; = —v}. Furthermore, so long as C,, > 0, we have

-1
75,0y 4

<0,

o OF, [m‘tyH] /01y = <1 — 99, > al —1=—

1-— 1-— le + T_lsq‘/q

= OB et foi = ()t = ke 0
1 q'q

Symmetrically, we have v¥; = 0E, [rzi},| /0i; = ~! and 1" = OE, [ra}},] /0i, = 7

Closing the model in Case #1 when there are no independent supply shocks It is straight-
forward to analytically solve for the equilibrium variance and covariance terms in case where there
are only shocks to the two short rates—i.e., when 02, = ¢, = 0. In this case, we can show that
(i) 0< Cy,and (i) 7715,C,, <1—¢, + 7'_15 Vy, confirming that the bounds discussed above indeed
hold.

e y*

Assume there are only short rate shocks. Making use of the facts that o = of, af. = !

77, and

al. = —al, we have
y y 5 y y
Ty — L [T$t+1} - 15 (af€ips1 + ajgin 1)
5
Tfﬁl — ki [T‘T?-T—l} = 13 (adigiti1 + aeint11)
ng—i—l — Ei [T‘T?—l—l} = aj (€ir g1 — €igt1) -

It is then easy to solve for the equilibrium level of V. We have
V= Var [0 (g1 — €ia1)] = (a)*207 (1 - p).
Using the fact that o, =1/ (1 — ¢, + 715,V,), we obtain the following fixed-point condition for Vj:

_ 207(1—0p)
(1—¢,; + 7'_ISqVq)Q

Since f (V,) >0, f'(V,) <0, and limy, ., f (V) = 0, it follows that there is a unique solution V, > 0.
It is also easy to see that OV,/S, < 0, so we have V, < 202 (1 —p) /(1 — ¢,;)°. However, we have
0(5,V,)/0S, > 0.

We now solve for Cy ,. We have

Cyqg = 5001) (€ 41 + Qugim pi1, O (€iv 41 — €ipy1)]
(1= p)oial (of —al)

1

0
1-06
(- pe 5 [1—¢ + 718V, — 715,20,
N 1—¢i+7—15q%1—5¢ ( 1—¢;,+7715,V, )

where the third line uses the prior expressions linking of., o, and of. to V, and C,,. Thus, the
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equilibrium value of (), is

(A-p)of &
5 1—¢;+7-18,V, 1-09;
qu -

1427718, ( (1=p)o? 5 )

(1—(157;“(‘7'715(1‘7(1)2 1_6¢L

>0

where p < 1.
We now show that R )
1—¢; + 715,V >7715,C,,

which guarantees that &/ > 0. We have

Cyqg = 1—_(5(1—P)0?@3* (& —ag) >0
)
< (& —al.) > 0 [since 1_6(1—p)0?&§* > 0]
1—-9 1—-96
= (1_5¢i—2df*>>0[sinc &f:1_5¢i—&?*]
PN 2T—1Squq ] [Since &?* _ 1 — (5 T_lquy’q .
1—¢; + 7715,V 1—=0¢;1— ¢, +7715,V,

Since CA’y,q > 0, it then follows that
1— ¢, +7718,V, > 2r718,C, 4 > 77158,0,,.
Finally, we show that v% + (72 — ~7,) > 0. We have

1S, (V, —2C

y?q)

1 — ¢z + Tﬁlsq‘/(-] '

Yo+ (i =) =
Thus, it suffices to show that 0 <V, — 2C, ,. We have
q 0 v _ Y q
[Va—2Cy4 = Cou ||l - 1—¢ (af — i) | (€1 — €ir1) 5 QG (Eim g1 — Eign)

= at (ot - {25 @ - at) )20 1)

_ 1 ? 1— ¢ + 7715, [V, — 20, 4] 2
- (1—¢i+715qvq) (1_5( o0, ))2“" (1=7)

2
1 1-96 2
<1f¢>i+rlsqvq> =55, 20 (1—p)

T () ()9 2(1—p)
1—¢,+7-15,V, 1-d¢; i P

Furthermore, we have [V, — 2C, ,] > 0 when 6 < 1 and lims_[V, — 2C, 4] = 0.

Thus, we have

[Vq - 2Cy,q] -
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A.6.2 Calculations for Case #2: S, =0 and S, > 0.
General When S, =0 and S, > 0, the loadings on 7; are

o 1
ozii —115?1 + T_lsyVy 67'_1SyC’y’y* 0 1
| = T8, Chy R4 rTIS Y, 0 0 (42)
&; L TﬁlSyCyvq _Tilsycyﬂ —(1-¢,) 1

_ o\ 1
100 gy _ (T 1Si0e)”
-5 vy 1%% gy,
= T 18,Cyy Y
T 139, 1 ai
5ot ISyVy
7 '5,Cy.q Y y*
1—¢; (O‘z‘ - )

1
| s T

and the loading on i; again satisfy equation (40). Since V,, — C, . =V, (1 — Corr [m:f;’ 1 rmfjl]) > 0,

it follows that
1
ol — ol = > 0.

7 7 1-0¢; _
1—?1 + 7718, (Vi = Cyye)

Bounding the quantities in equation (42), we have:

-1
1 y [ 1-6¢; -1 (Tﬁlsycy,y*)Q 1-6
e R + 7 SyVy — Ty e (0 .

11_£5(§i +T18,Vy 7 1-0¢;

e To show o/ > 0, notice that
1- 09,

1—s +T_1Syl/;, >0
and )
1— 4609,
(7'715'9031,?J>'<)2 < (Tﬁlsyvy)2 < ( 1_ ?Z + Tlsyvy) .

Together these inequalities imply

159,
1-96

(7'_153/01/711*)2

160, N
s T TS,V

+ T_lsy‘/;/ —

>0,

confirming that o > 0.

1-6

54, 1t suffices to show

e To show o <

(T_lsycy,y*)2

100, N
s T TSV

TﬁlSyVy —

This is equivalent to

1— .
( : _5?’ + r—lsyvy) T8V, — (1718,Cy )" > 0

1

which is true since (7719,Cy )7 < (7715, V,)? and 2% > 0.

Y

-18,C, = . . .
2. o = — =Y. Since o > 0, we have sign (al) = sign(—C, ).

7 1-6¢; _1 )
s Ty Vy
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3. af = ——L 4750 gV oY) € (— 1_1@,0) solong as (i) Cy, > O and (i) 7715,C, , (o — aY) <
1

1
1-9¢;

e And, we have af < 0 so long as (ii) 77159,C, ,(a? — %) < 1.

)

e Since (o/ —a¥) > 0, we have o > — so long as (i) C, , > 0.
7 7 Y 7 g Y,q

We now explore how changes in short-term interest rates impact equilibrium expected excess re-
turns. So long as C, , > 0, we have

VL = 0F, [raf] J0iy = (¢, — 1)k + 1 =77'5,C, 4(a! — ) > 0.

7

Symmetrically, we have v¢ = 9E, [raf, ] /0i, = —7}. Furthermore, since af < (1 —46) /(1 — d¢;), we
have

1 —3560.
v = 0F, [ra}y,| /01, = < : _5?) al —1<0.

Finally, so long as C,, ,« > 0, we have . < 0 and thus

1— 60,
VY = 0F, [ral,] J0iy = < 1 _6?2) al. < 0.

Symmetrically, we have ¥ = OF, [rzi}] /0i; =~ and 4¥" = OE, [ra}},] /0ir = L.
Next, we show that v/ — % < 0. To see this, note that

Wt = () e —at) -1

1 -5, 15,0,
_ (1_(?%)&3 I e vl B
T+ TS5V,

Thus, we have 7Y —~% < 0 so long as we have
Vi — i

1—0 13? + 7715,V y 1—4¢; ~1 (r7'5,Cy y*>2 )
154, >y = T8V — 5 ,
1= 0¢; 2% 4 7718, V, + 7715,C, - 1-46 = 718V,
One can show that this condition is equivalent to
1—-96
1- 09,

T8y (Vy = Cyye) >0,
which is always true since V,, > C, .

Closing the model in Case #2 when there are no supply shocks When there are no inde-
pendent supply shocks—i.e., when o2, = 02, = 0, it is easy to confirm that we must have C,, > 0 and
(i) 7715,Cy 4(a? — aZ.) < 1. Thus, the bounds noted above must indeed hold in this case. We can

also show that we must have C), ,« > 0 in this case.
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2 _ 2 _
When %, = 0%, = 0, we have

)
Cypg = — - 5001} (e i1 + Qg pr1, Ok (Ei g1 — Eigrr)]
0
= 1—51-0) oiad (af —all)
= 0-3 (1_p) 1_5 1_¢ (1_7_ 1SyOyyq<a’Ly_OéziJ*))
where the last line follows from the fact that
1 _
al. = s (1—7715,Cyq(a? — k).

Thus, given an equilibrium solution for (&) — &}.) > 0, we have

(a?—al.)
A 0'12 (1 - p) % e
Cyq = @aryE 0
1+7715,02(1—p) 1‘%5 117;:

We also have

-1 A ~Y AY N j
T8, Cyq (&Y — &) = = <1
5 7 (3 _ (ag_a'iy*)Z
1+7718,02 (1—p) 12 5
We show that we must have C, - > 0. We have
5 2
ny* = (m) Cov [Oé?gi,prl + Oéiy*ffi*’prl, Ckg*€i’t+1 + @?Ei*,ﬂrl
5 2
= (1—_5> 2000+ (a!)? po? + (al.)? po?]
2 -1 2 -1
B ) "2 2 TS5y Cy 4+ s I G
= \i=5) @)oo |rl D -18 V., i gy
s T7T OyVy s T7T OyVy

Suppose that Cy,~ < 0. If Cy,« < 0, then this equation implies that Cy,~ > 0 so long as p > 0: a
contradiction. Thus, when p > 0, we must have C, ,~ > 0 in equilibrium. Of course, when p = 0, we
have Cy ,~ = 0 in equilibrium.

Finally, we show that 7% + (7% —~%) > 0. We have

7—71511 (Cyys +Cyq = V)

1—909,
q y* y -1 y Yy i y y
Vie T (Vi =) =T SyC’M(ai —ai) + < ) (0% - 0%*) — 1=
1-9 115?2 + 7718, (Vi = Cyye)
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Since V,, > C), ., it suffices to show that 0 < C) . + C, , — V,,. We have

) )
= Cou Ka?* —— (o — 04?*)) (€41 — Ei41) s T1-5 (afeipr1 + adieinpi1)

) 1)
— 4 _ _— (¥ =Y —— (oY = — 2
- (ai* 1— 5 (az O‘z*)) (1 _ 5 (Odz O‘z*)) (1 p) Jz
2(5 (1-90) 1-— T_l‘sy [Cy,y* + Cyq — V.;J]

L=¢i (1—0¢;+ (187715, (V, = C,)*

Thus, we have

(1—p)o? 5?;;” L .
— = P70 (=064 (1-8)7 1Sy (Vy—Cy))
[Oy,y* + Oy,q V;J] - 1 + (1 . p) 02 5(1-6) 18, Z 0.

El=¢; (1-8¢;+(1—8)T 18, (Vy—Cy))*

Thus, we have [v%4 + (7% —~Y")] > 0 when 6 < 1 and lims_1[y% 4+ (7% —~Y")] = 0.

A.6.3 Regression calculations
Fama (1984) regressions Consider the excess returns on FX carry trade. Suppose we estimate the
following time-series forecasting regression
7’5’7?+1 = Qg+ 5(1 (if — i) + 5?—1—1'
We have
By [rafy ] =vd < (i — i) + 9% x (s] = st) + 78 % s,
where 74 = OE, [rxz}, ] /Of; for f; € (ir,if,s{,s{", s{) and we have made use of the fact that v/ = —7.

and ~%,. = —+%,. Because independent movements in asset supply (s?, sV, s?) are orthogonal to the
interest rate differential by assumption, it follows that

5 = Cov [rzf, i — i) Cov By [ral,] if —i]  ,  OF [raf,]
T Varlii — i Var[if — i) T T

Thus, in either Case #1 or Case #2, the extended model matches Fama’s (1984) finding that the
expected returns on the borrow-home-lend-abroad FX carry trade are high when the foreign-minus-
domestic interest rate differential is high.

Lustig, Stathopoulos, and Verdelhan (2019) regressions Consider the regression
rafo + (rafly —raly) = agu + Byy x (if — i) + f?fl. (43)
We want to show that 0 < 3,;, < 3, as in Lustig, Stathopoulos, and Verdelhan (2019). Since
Baat = By + Bye—y = vie + (0 =),

it suffices to show that —3, < 3 < 0, where 3,._, is the coefficient from the regression

y -y

thyil - rxi{i*l = Oy + ﬁy*—y X (2: - it) + gir;y'
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We first consider 3,._,. We have
Ey [rafty —ralyy] = (W =40 (i — i) + (7 = 9% (s8" — ) + 29% st
It follows that

Y vk
Cov [rxtﬂ — T, 0 — Zt}

5y*—y - Var [2;‘ — it]
8Et[rx%’jr1] aEt[Txiil] _AUE Y
5 — i =Y — 7 -

1 122

We have 7% — 4¥* < 0 under either Case #1 or #2. This is trivial under Case #1 since in that case
v < 0 and 7¥* > 0. It is also negative under Case #2 since in that case we have 7! — 7% < 0
(even though we have 4, < 0 and ~v{" < 0). It follows that 8, , < 0 and, therefore, that 3, =

Bq +ﬂy*—y < Bq'

We now show that 3, > 0 or, equivalently, —3, < 5,._,. We have
— q yx* y* __
=By = =V <Vir = Vi = By

It suffices to show that
0<9f + (v =11

As shown above, in both Case #1 and Case #2 we have 7% + (7% — 7Y ) > 0 when § < 1 and
lims s [y + (v =7 )] = 0.

Campbell and Shiller (1991) regressions Consider the excess returns on the yield curve carry
trade. Suppose we estimate the following time-series forecasting regression

refy = oy + By (ye — i) + &l
We have
Ey[rafy] = B [ral,] 97 (i = 1) 4% (i =2) + 78 (st = 5°) + 9% (s1" = 5) + 7las]
where 7% = 0F; [raf, ] JOf: for fi € (ir,if, s{,s{", s{). The term spread is given by
(ye — i) = ag + (o = 1) (i = 7) + gl (if —7) + gy (s§ = ) + g (si" — 3%) + agesi.
We have 8, = Cov [y, — iy, rx{,,] /Var [y, — i,]. Thus, we have

B, o< Cov [ye — iy, raf ]
2

O'.
= [{ (af = 1) +p(af = )75 + padyi + afryi] ! ’¢2
y oy y oy o2 y oy 02
+ (Vsyasy + /}/sy* asy*) 2 + (75‘10454) 2
- )

We wish to show that 3, > 0. For any supply factor f; € (s{,s{", s{), we have sign(v}) = sign(a¥).
It thus follows that (7%, oY + 7Y.a?y.) > 0 and (yYa¥;) > 0. Thus, the second term is square brackets
is always positive. Thus, to prove that 3, > 0, it suffices to show that the first term in square brackets
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is positive—i.e., to show that

(of = 1) (v] + pvi-) + of (py] +1) > 0.

We prove this inequality separately in Case #1 and Case #2 below under the simplifying assumption

that 02, = 0%, = 0. Finally, letting
rﬁ%—r—l = Oy + 6y* (y: - Z:) + i/ila

we have 5, = [, by symmetry.

Case #1 In Case #1 where S, > 0 and S, = 0, we have 7/ = —v% < 0. By definition, we have

1—90, -9
¥y Y 1 [ 1 4
We also have
y 1—-9 y 1-6 Y

Substituting these expressions for o, o, and 7%, we obtain
(o = 1) (vf + prie) + o (077 + i)
1—6 -5
- (1- 1) 442 2| >,
( p)[(l—&bi )%+ 1_5@(%)

where the inequality follows because (1 —0) /(1 — d¢;) < 1 and 7¥ < 0.

Case #2 In Case #2 where S, = 0 and S, > 0, we have 7/ < 0. Since we have

afe = —cal <0
for some constant ¢ > 0, we have
1—-96 1—-96
y _ 14 ~Y) and o, — — 14 ~Y).
% 1_5¢i(+%)an % 01_5¢i(+%)

Since o > 0 and 7? < 0, we also have 0 < (1 + 1Y) < 1. Finally, we have

1—46¢,
Vi = T?Zozi’* =—c(1++Y) <0.

Substituting these expressions for o, o’ and 7%, we obtain

(o =1) (] + pvie) + gt (pvi +73)
<0 <0

~ % ™~ <0

<0

—0 . -~ ry \ -~ N
= ({0 = )R ) + (e (4D Tt — e L+ D) >
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A.7 Contrast with frictionless asset-pricing models

In this Appendix, we contrast the results from our baseline model in Section 3 with those implied by
frictionless, consumption-based asset pricing models. Consider a frictionless asset-pricing model featur-
ing complete international financial markets, but imperfect risk sharing between the home and foreign
countries. Since financial markets are complete, the stochastic discount factor is unique, implying;:

My = M1 (Qri1/Qu) - (44)

where @), is the foreign exchange rate, M, is stochastic discount factor (SDF) that price all returns in
domestic currency, and M}, ; is discount factor pricing all returns in formal currency (Backus, Foresi,
Telmer [2001]).
Taking logs we find:
Qi1 — Qe = Myyq — Mg (45)

Thus, frictionless theories imply that foreign currency appreciates in bad times for foreign agents where
mj,; is high and depreciates in bad times for domestic agents when m,;; is high. These exchange
rate dynamics make domestic assets risky for foreign agents and vice versa, rationalizing imperfect
international risk sharing even with complete financial markets.

As shown in Table 6, consumption-based theories typically imply that foreign interest rates decline
in bad times for foreign agents, so standard uncovered-interest-rate-parity (UIP) logic pushes foreign
currency toward depreciating in bad times for foreign agents. However, by construction, this UIP
effect needs to more than fully offset in consumption-based models by either a temporary appreciation
of foreign currency (i.e., by news that the expected returns on foreign currency will be lower going
forward, perhaps, because E; [rz{, ] is increasing in (ij —i;)) or by a permanent appreciation (i.e., by
an innovation to a random walk component of the exchange rate).!! Thus, many leading consumption-
based models imply

Covy [Agu1, A (17 — ies1)] = Covy [rafy,if, — i) < 0. (46)

By contrast, in our theory as in the data, we have Cov; [Aqt+1, A (i;"H — it+1)} > 0.
Assuming that both the foreign and domestic SDF's are log-normally distributed, we have

1
Ey [ral] = By g — g + (if — )] = 3 (o7 [mea] — oF [mi4]) (47)

which follows from the facts that g1 — ¢ = mjy, — My, i = —Eifmes] — 0f[mea]/2, and if =
—Ey[m;, ] —oi[mj,]/2. Thus, the expected excess return on foreign currency is one half the difference
between the conditional variances of the domestic and foreign log SDFs. In other words, foreign
currency risk premium will be high when domestic agents are more risk averse than foreign agents or
when domestic agents are exposed to greater macroeconomic risk.

T . . .
H'We have q;1 = — D e (Mg — Migitg) + @ir Letting By [gryoo] = limr—co Eryi [qrr] and taking expecta-
tions and the limit as T' — 0o, we obtain g1 = — 2511 Erpa[miy g — mirivg] + By (@] = Z;io Eolify -
lit14j — mg+2+ﬂ + Eiy1 [@i+00]- Since
N NTEY N

(Brtr = Et) i1 = 22520 (Brr = By) [if145 — des14g] = 20720 (Br1 — By) [rafy oy ] + (Bes1 — Et) (G400

unexpected movements in exchange rates must either reflect news about the future interest rate differentials (J\/’tifi),
news about future excess returns on foreign exchange ( {f;), or permanent news about the long-run level of foreign

currency (N*°).
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Similarly, assuming the local-currency excess returns on long-term bonds are jointly log-normal,
we have:

1
Eifrai] + 5oilraln] = =Cornfralyy, mealofrafiJoumeal, (48a)
* 1 * * % * %
Ey[raip] + 505[7’37?“] = —Corri[rat,y, miodral o [my,] - (48b)

Consumption-based models almost always imply that Corr,[ra?, |, m; 1] > 0 and Corryra?, ,,ms, ] >
0—i.e., long-term domestic (foreign) bonds are an attractive hedge for domestic (foreign) investors.
The idea is that domestic interest rates typically decline when the domestic agents’ marginal value of
financial wealth is unexpectedly high (e.g., because the SDF is persistent or because the volatility of
the SDF rises in bad times), leading the prices of long-term domestic bonds to rise in these states of
the world.

In our model, E; [rzf, ] is negatively related to E; [rals, —ra¥, ] —i.e., the expected excess returns
on foreign exchange are decreasing in the foreign-minus-domestic term premium. What do leading
consumption-based model imply? In modern consumption-based models, the main reason expected
returns fluctuate over time is because the conditional volatilities of SDFs (o¢[m41] and o.[m} ])
vary over time—e.g., due to time-varying risk aversion as in habit formation models (Campbell and
Cochrane [1999]), time-varying consumption volatility as in long-run risks models (Bansal and Yaron
[2004]), or a time-varying probability of a rare economic disaster (Gabaix [2012] and Wachter [2013]).
Thus, since Corryray, ,,myq1] > 0, an increase in oy[my;q] raises Eyraf, ], but reduces Firay,  |—
ie., Corr (Erz{,], Eyfrz},,]) < 0. By contrast, in our model, E[rz{, ] tends to be high at the
same time that Ej[raf,,] is also high—i.e., Corr (E,[raj,], Eifra},,]) > 0. Symmetrically, since
Corri[ra¥,,,mf,,] > 0, an increase in oy[m ] reduces Fy[rzf,,] and also reduces Ejfra¥, | —i.e.,
Corr(Ey[ral ], Eyfra?,,]) > 0. By contrast, in our model, we have Corr(E;[razl, ], Ei[ra?,,]) < 0.

This crucial difference stems from two differences between our theory and standard frictionless
theories. First, we assume that the global rates market is partially segmented from the broader capital
markets as well as from ultimate consumption. As a result, long-term bonds are potentially risky
for the specialized bond investors who are the relevant marginal holders of long-term bonds. Second,
in consumption-based models, the realized returns on foreign currency are positively correlated with
those on long-term foreign bonds and negatively correlated with those on domestic bonds. By contrast,
in our theory as in the data, the realized returns on foreign currency are negatively correlated with
those on long-term foreign bonds and positively correlated with those on domestic bonds.

To see this juxtaposition starkly, suppose o?[raf, ] = o?[rz},,] = o2 and Corryfraf,  ,my] =
Corry[ra{,,,mi,] = 0,,, > 0 are constant over time, so
y L,
Et[rxt-',-l] + §<7y = —Qy,mUyUt[mt+1]7 (49&)
* ]_ %
Et[rxfﬂ] + 505 = —Qy,mgyat[mtﬂ]- (49b)

Thus, all time-series variation in foreign and domestic bond risk premia is driven by time-variation in
the conditional volatility of the domestic and foreign SDFs. However, this implies that

Ey [mﬁl —rxl] = Oym0y (Ut (M) — Ut[m?+1]) : (50)
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Using Eq. (47), we find that:

>0

A

,Ut[mt—i—l]"i_o't[m* ]\ *
By [rafy,] = 2, o | X Blratly - ra). (51)
ym-Y

Thus, most consumption-based theories predict a positive relationship between FX risk premia and
the difference between foreign and domestic term premia. By contrast, as emphasized in Section 3,
our theory implies a negative relationship between FX risk premia and the difference between foreign
and domestic bond risk premia.

Turning to the expected return to the long-term FX trade, consumption-based models in this class
imply that the expected returns on the long-term carry trade are greater in magnitude than those on
the short-term FX trade:

>1

A

« 20, .0
Efrad  + (ra?, —ra?. )] =1+ ym 'Y x Fy lral . 52
t[ t+1 ( t+1 t—i—l)] ( O—t[mtﬁ-l} + o, [mr—’—l} t [ t+1} ( )

By contrast, our model is consistent with the evidence in that the return on the long-term FX trade
are smaller than those on the standard, short-term FX trade.

B Deviations from covered-interest-rate parity
To model deviations from covered-interest rate parity (CIP), we make two assumptions.

1. We assume that the only market participants who can engage in riskless CIP arbitrage trades—
i.e., borrowing at the synthetic domestic short rate to lend at the cash domestic short rate—are
a set of global banks who face non-risk-based balance sheet constraints.

2. We assume that risk-averse bond investors—who are either domiciled at home or abroad—must
use FX forwards if they want to make FX-hedged investments in non-local long-term bonds. This
is equivalent to saying that bond investors cannot directly borrow (i.e., obtain “cash” funding)
in their non-local currency.

We assume half of all global bond investors are domiciled in the home country and half are domiciled
in the foreign country. Both domestic and foreign bond investors have mean-variance preferences over
one-period-ahead wealth and a risk tolerance of 7 in domestic currency terms.'? Investors differ only
in terms of the returns they can earn because of CIP violations.

The vector of excess returns from ¢ to ¢ + 1 to be endogenized becomes rx, 1 = [rzf,, rz}},,

raf,q, z;"]" and the vector of exogenous supplies becomes s; = [s7, s}", s, s;""]".

FX-hedged returns Consider a domestic investor taking a forward FX-hedged position at time ¢ in
arisky foreign assets with returns Ry ;. At time ¢, the investor converts 1 unit of domestic currency into

1/Q; units of foreign currency. Suppose the investor sells forward H; = I units of foreign currency at
the forward price F} (this expression is valid for any H;, but setting H; = I; = exp (i}) is convenient).

12Thus, at time ¢, the risk tolerance of foreign bond investors is 7/Q; in foreign currency terms, which corresponds to
a risk tolerance of 7 in domestic currency terms.
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Then, the FX-hedged return return in domestic currency on the risky asset is

Basis risk
o B R 1Qu B Qi R) (R 1)
it Q1 Qy i Q1

Thus, the FX-hedged return includes a basis risk term that reflect the product of the excess return on
foreign currency and the local-currency excess return on the risky asset.

We now assume that Ff = (Q,1,) /(I; X{®) or fI = q, — (it — i) — 25 where X[ = exp(z™).
Thus, we have

FI*+ (R, — I I
Riypi1 = P+ ( tgz 7 ) Qi1 _ t Ri, +

<Qt+1 I, 1

Qt - EXcip) (R;d - It*)
t

Using a Taylor series expansion about the point where the realized basis risk term is zero, the log-
hedged return is

cin) | [([t*XfintH/Qt — 1) (Ry,, — It*)] _

TE,t+1 ~ [is + (T:H - Z:) — T LR,
t+

The second term in square braces can be well approximated as

(LX7"Qun /Qu — L) (Riy — 1)

3
I t+1

~ q cip *
~ (raf + i) x rap

* _ * -
where rxf, ; =1In (Rt+1) —tf. Thus, we have
* ~ x __cip q cip *
TTpp g1 R TTipq — Ty + (rafyy + ™) x ray,,.

We neglect this second basis risk term in our theoretical calculations in Section 4. Intuitively, this
amounts to assuming that investors are regularly rebalancing their FX hedges. Formally, consider

Ey[(raf, + xfip) x rwy | = (B [r:p;ﬂrl} + $§ip) X By [rxrﬂ] + Cov [Txg-‘rl’ 7’$I+1] :

If we let dt denote the return horizon, then (E; [rzf, ] + z5") x B, [rz;,,] will be of order (dt)* and
Covy [rmf 11 T +1} will be of order dt. Thus, in the continuous-time limit in which FX-hedges are
continuously rebalanced (dt — 0), the (dt)® terms vanish and we will only be left with a constant
covariance term.

Domestic bond investors Domestic bond investors can obtain a riskless return of i; from ¢ to
t 4+ 1 by investing in short-term domestic bonds. They can buy long-term domestic bonds, earning
an excess return of rzy ;; they can take FX-hedged positions in long-term foreign bonds, generating

an excess return of rzy,; — z;"’; and they can make forward investments in foreign currency, earning

an excess return of rzf,; + ;. In effect, domestic investors only have access to excess returns
— Y Y cip .4 cipys
IXpp1 = [TT) 1, rT) — xy " ray, +
Suppose domestic bond investors have a demand h¥,, for domestic long-term bonds, h%;, for FX-
hedged investments in long-term foreign bonds, A}, , for forward investment in foreign currency. Thus,

their positions in the four underlying long-short trades (domestic bonds, foreign bonds, cash FX
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investment, and CIP arbitrage) are

dp., 10 0 rp
_|dpe| _ [0 1 0| [pRf]
dD,t - qut - 0 O 1 ZqDJ - HDhD,t
a, | |o -1 1| e

Domestic bond investors choose their demands hp ; over excess returns

Yy
rT
t+1
roy 100 0 myt
_ y* cip | _ _ t+1 | _ ¥y
IXpip1 = [Ty — Ty | = 010 1 rop = Hprx; 1.
cip t+1
TTi o+ Ty 001 1 o

t

Thus, they solve

T

/ !/

I}IllaX {hD,tEt [rXD,t+1] - §hD7tVart [rXD,t—l-l] hD,t} .
Dt

The solution is
hp:=71Var [rxDﬂtH])_l Ey[rxpi1] = 7 (HpVar [rxe44] HD)f1 H, E; [rx;.1],

implying that
dD,t = HDhD,t = THD (HleaTt [I'Xt_i_ﬂ HD)_1 H,DEt [rXt+1] .

Note that
- V C C 0 1 0 0
1 0 O 0 ) Y,y* Y,q9
C V —C, of 10 1 0
1 _ _ Y,y* Y U,q
H,Var, [rx, 1 |Hp = 8 (1) (1) 11 co—c., v, ollo o 1
- 0 0 0 ol |10 -1 1

V;/ Cy,y* Cy,q
= | Cyux Vy -Cyq| =V.
| Cyﬂ _Cy,q Vq

Thus, CIP basis doesn’t affect the risk of their investments; just the expected returns on their invest-
ments. This implies that
dD,t = THDV_IH,DEt [rxt+1] .

Foreign bond generalists Foreign bond investors are the mirror image of domestic investors. For-
eign investors have access to excess returns rxp 1 = [rat,, + 237, ral,,, ral,, + %), Suppose that
foreign bond investors have a demand hi’p’t for FX-hedged domestic long-term bonds, hsz*t for foreign
long-term bonds, h%jt for forward-investment in FX. So their positions in the four pure long-short
trades are

@] Lo 0]
dy 0 1 0f |,

dF,t - dqi:z - 0 0 1 ng—"t — HFhF,t.
da,| 1o 1 e
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These foreign bond investors choose their demands hp; over hedged returns rxz;+1 = Hprx; ;. Thus,
they solve

-

/ !/

max {hF,tEt [rXpii1] — §hF,tVa7“t [rXp 1] hF7t} )
Ft

As above, the solution is
hp, =7 (Var, txpen]) " By [tXpe] = 7 (HpVar, x| He) ™ H By [rxeq]
Following the same logic as above for domestic bond investors, we then have
dp; = THpV 'HLE; [rx,4] .

Unlike in our baseline model, we need not have dp; = dp;. This is because CIP deviations affect
the hedged returns that investors earn in non-local long-term bonds.

Balance-sheet constrained banks The only players who can engage in the riskless CIP arbitrage
are a set of balance-sheet constrained banks. These banks choose the value of their positions in the
CIP arbitrage trade, dy', to solve

max {ai™d5h — (5/2) (dg)%} (53)
B,t

where k > 0 and (k/2) (dgﬁf captures non-risk-based balance sheet costs faced by banks. Thus, banks

take a position in the CIP arbitrage trade equal to
d‘;ﬂ = mfleip,

or

= KEt [I‘XH_l] .

o O O O
o O OO
o O OO

Market clearing In this extension, we assume that s is exogenous net supply of risky FX exposure
on a forward basis that bond investors must hold. And we assume that sfip is the exogenous supply of
the riskless CIP arbitrage trade that banks must undertake. We parameterize the exogenous supply
shocks in this way to clearly separate the supply of risky FX exposure and the supply of riskless
funding that bond investors and banks must intermediate. Thus, the exogenous supply of the four
underlying long-short trades are

100 0] [s
_ 0 1 0 0f |s
sBg, = !
L7001 0f | s

00 1 1] |s

Below, we explain how the results change if s{ is exogenous net supply of risky FX exposure on a cash
basis. ' .

Here we assume that i’} = ¢eins;” + Egein» where Var, [55?5] =02, >0, ¢.r € [0,1), and Egeir,
is orthogonal to the other shocks. The main text considers the special case where 02, = 0, implying

that s = 0.
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The market clearing conditions are
_ 1 1
st s, — 5 (dpy+dry) +dp, = [5 (tHpV'H), + THRV 'HY) + K] By [rx,41]

implying that 1
1 B —
By [rxi11] = [5 (THDV_IHID + THFV_IH;-;) + K] S[13 G]St.

Working through the math, we obtain

E; m:g o Vy Cyye Cyq 0 %1 - 0 -1 35*

By o || _ 1 Cyye Vy  —Cyq O o Vy + Cyy -3 3 0 1 S¢

Ey [7“5?3+1] Cyg —Cyg Vg 0 2V, +2C, s +7k | 1 =1 0 =2 si
Jf?w 0 0 0 0 —1 1 0 2 S;le

These are the expressions given in Proposition 5.
As in our baseline model, the variance-covariance matrix of excess returns is an equilibrium object.
Specifically, a rational expectations equilibrium of the extended model is a fixed point of an operator

involving the “price-impact” coefficients which govern how the supplies s; = [s{, s{", s, sP) impact
Yt, Ui, @, and z;”. One can also recast the equilibrium as a fixed point problem involving the

equilibrium variance-convariance matrix. However, as in the baseline model in Section 3, if 0 < p < 1,
o2, > 0, 0%, > 0, we must have C,, > 0 in any stable equilibrium. Furthermore, we must have

Vy+ Cyye =V, (14 Corr [ral,y,rz{};]) > 0 and, thus, [ (V, + Cyy.)] /[2V, +2C, s + 76] > 0 in
any equilibrium. Thus, since

>0 >0
_ * = ct
E, [ngﬂ} = T 1@x(s%’—si’)+ Vy xsi] =,
’ V,+C ’
cip Y Y, y* x YUY 9 ¢ gCP
:Ct "i2 (‘/;/ 4 Cy,y*) TR [(St St ) St ]a
<0

it follows that the three supply shocks s¥, s¥*, and s push E,[rz? 1) and 25" in opposite directions.
As a result, these three supply shock shocks push ¢; and ac?p in the same direction.

Finally, since the model’s stable equilibrium is continuous in the model’s underlying parameters, it
follows that if we take the limit where x — 0, then the extended model in Section 4 converges to the

baseline model considered in Section 3. Specifically, as x — 0, CIP holds (2”7 — 0).

Alternate assumption on FX supply If s is instead the exogenous net supply of risky FX
exposure on a spot basis, then the exogenous supplies of the four underlying long-short trades are

100 0] s
_ 01 0 0] [s"
SB s, = ¢
L2001 0f | s
000 1] |s
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In this case, we still have

E, [rx;f/’ﬂ} = 77! [Vy X 87+ Cyye X 877+ Cyy X s7] — xfip/Q,
E, [m:tyil} = 7! [Cyue X s+ Vy x s = Cyq x sf|+ 27" /2,
Ey[raf,] = 71 Cyg x (s — ") + Vg x sf] — 2",

as above. However, we now have
K Vy+ Cyys
2(Vy + Cyy) + 75

<0

cip

y x[(s} = st") = 2 x (s = sD)].

Now shocks to s{ also push Fy[raf ] and 2{" in opposite directions. The intuition is simple.
To clear the spot foreign exchange market at time ¢, investors must be willing to exchange domestic
currency for foreign currency at today’s spot rate with no agreement to reverse this exchange at a
later date. Since raf ; = (41 — f{) — 23", this spot investment in foreign currency is equivalent to a
(i) forward investment in foreign currency plus (ii) a reverse FX swap—i.e., an exchange of domestic
for foreign currency at today’s spot rate (1/Q);) and simultaneous agreement to exchange foreign for
domestic currency tomorrow at today’s 1-period forward rate (FtQ). This reverse FX swap is equivalent
to a reverse CIP arbitrage trade that borrows on a cash basis and lends on a synthetic basis in domestic
currency.

To accommodate an inelastic demand s} to swap foreign for domestic currency in the spot FX
market, (i) risk-averse bond investors must make a forward investment in foreign currency in amount
s{ and (ii) balance-sheet constrained banks must enter into a reverse CIP arbitrage trade, thereby
earning —z/” in amount s!. Thus, an increase in s! will be associated with (i) an increase in the
expected return to buying foreign currency on a forward basis, E;[q:41 — f], and (ii) a decline in
25, The rise in E, [qe41 — f{] is required to induce risk-averse bond investors increase their risky
forward investments in foreign currency. And, the decline in 2™ is required to induce balance-sheet
constrained banks to supply reverse FX swaps. Combing these results, an increase in s{ must then lead
E, [ral,] = By g1 — f{] — 2" to rise. Thus, shocks to s{ also push Ej[rz{ ;] and 2" in opposite
directions.

C Model extensions

C.1 Further segmenting the global bond market

In the Section 5.1, we further segment the global bond market as in Gromb and Vayanos (2002),
assuming some bond investors cannot trade short- and long-term bonds in both currencies. Our
extended model feature four types of bond investors. All types have mean-variance preferences over
one-period-ahead wealth and a risk tolerance of 7 in domestic currency terms. The types only differ
in their ability to trade different assets. Specifically, the four investor types are:

1. Domestic bond specialists, present in mass pum, can only choose between short- and long-term
domestic bonds—i.e., they can only engage in the domestic yield-curve carry trade. Thus, their
demand for long-term domestic bonds is b} = 7 (Var; [raf HD_l Ey [raf,,].

2. Foreign bond specialists, also present in mass um, can only choose between short- and long-term
foreign bonds—i.e., they can only engage in the foreign yield-curve carry trade. Their demand
for long-term foreign bonds is b{" = 7 (Var, [rz}}, ] )71 By [rzli,].
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3. F'X specialists, present in mass u (1 — 27), can only choose between short-term domestic and
foreign bonds—i.e., they can only engage in the FX carry trade. Their demand for the borrow-
at-home-lend-abroad FX carry trade is b} = 7 (Var, [raf,,] )_1 Ey [ral,y].

4. Global bond investors, present in mass (1 — p), can hold short- and long-term bonds in both
currencies and can engage in all three carry trades. Their demand for the three carry trades is
dt =T (VCLTt [I'Xt+1])_1 Et [I'Xt+1].

We assume p € [0,1] and 7 € (0,1/2). Thus, increasing the combined mass of specialist types,
1, is equivalent to introducing greater segmentation in the global bond market. Our baseline model
corresponds to the limiting case where n = 0. At the other extreme, markets are fully segmented when
= 1. And, when u € (0,1) markets are partially segmented.

Technical assumption: Adding FX-specific fundamental risk To solve the extended model
in the absence of supply risk, we assume there is some small amount of FX-specific fundamental
risk. Naturally, this implies that long-run UIP will not hold even in the § — 1 limit. We make this
assumption to study our extended model in the absence of supply risk.

Specifically, we assume limp_. E; [gi47] = ¢;° follows a random walk ¢/, = ¢;° + €400 441 With
Var, [ege 111] = 020 > 0, implying ¢, = ¢7° + 372 Fy[(47,; — irv;) — raf, ;1] Thus, in the absence of
supply risk, we have:

2 2
5 s
(1—5@) o} <1—5¢i> po? - 5¢ o ¢ o7 (1-p)
2 2
V= <—1_‘§¢_) po; (—1_‘2¢.> o; ~rw s 1= |- (56)
fs(p 4) (1 p) - 5¢ 1— ¢ (1 p) g + (1 ¢> 20i (1_10)

If Ugoo = 0, then in the absence of supply risk, FX is a redundant asset: FX returns are a linear
combination of those on domestic and foreign bonds. While the model can still be solved in the limit
where 02 = 02, = 02, = 0, in this case, cross-market impact increases in 4 for all 4 € (0, 1) and then
discontinuously vanishes at ;1 = 1. Thus, assuming O'goo > ( is a technical modeling device that allows
us to explore the model’s qualitative behavior when o2, asy > 0 under the mathematically simpler
assumption that o2, = 0%, = 0. Specifically, When 02, and 0?2, are small and positive the model must

have the same qualitative behavior as when a > 0.

Solution under further segmentation It is straightforward to solve for equilibrium under partial
segmentation. Specifically, let b, = [b,b?*,b?]" denote the vector of specialist investor demands and
note that

by = 7 [diag (V)] B [t (57)

where [diag (V)] is a matrix with the diagonal elements of V = Var; [rx;,1] on its diagonal and zeros
elsewhere. Also let IT = diag (7, 7,1 — 27). The market clearing condition once we further segment
the global rates market is
s = pdIb, + (1 —p)d, (58)
= pll7 [diag (V)Tl By [rxpn] + (1 — p) TV By [rXep] -

As a result, equilibrium expected returns are:

1

By [rxpp] = 7! [pI [diag (V)] '+ (1 — ) V7] .. (59)
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Thus, adopting the notation from above, the market clearing condition under further segmentation
can be expressed as

[Boa+ Bja+rg| + [BoA + B1A® + Ry z (60)
= 7! [pII[diag (V)] "' + (1 — p) V‘l]_1 so+ 7! [pIl[diag (V)] 7' + (1 — p) V_l]_l S17,

where V = (B;AXA'B)).
Matching the matrices multiplying the state vector x;, we see that A must solve the following fixed
point problem:

-1
A= |:T1 [MH [diag (BlAEA/Bll)]il +(1—p) (BlAEA,Bll)il} S1 — R1:| © [BoE + BE®].

(61)
As above, partitioning A as A =[A; A, we find that
-5
[1-2] 1-2 1£6¢i 105
Ai=-R{ 0 [BE+BE®|"? = 01 1—;6@
1 14,
Letting V; = (B1A;) X, (B1A;)’, we see that
V = V,L -+ (BlAS) 25 (B1A8>, .
Thus, A, must solve the following fixed point problem
. m-1 717!
A, = |7 Il (dlag [Vi + (B14,) 35 (B1A,) /] )_1 © [BoE + B,E®] 3-5] (62)
+ (1 — /,L) [Vz —+ (BlAS) Es (BlAS) ]

We also see that a must satisfy
-1
(B0+B1) a = ’7'_1 |:[1,H [diag (BlAzAlBll)]_l + (]_ — [L) (BlAZA/Bll)_l Sp — I'p. (63)

Recasting the equilibrium as a fixed point involving 2 We can think of equilibrium as a fixed
point problem involving the return impact matrix, €2, that maps changes in asset to supply to shifts
in asset returns—i.e. E; [rx; 1] = Qs;. This return impact matrix is given by

-1

Q=7 [pII[diag (V)] " + (1) V7]

Thus, © depends on the harmonic mean of IT™! [diag (V)] and V. Since A, = Q © Z; where Z; =
[BoE + BiE®]® " we have

V=V,+(BIR0Z)E,BQ(n)0Z) =V, +(QoZ)XE,(Qo Z)

where Z satisfies (B1Q2 @ Z;) = €2 o Z. Thus, the relevant fixed point problem is
1

Q- 1 [uH [diag (Vi + (R02Z) 5, (R0 Z))] " + (1 — ) [Vi + Zo (22,0) o z’}‘l] o

We use €2 (11) to denote the stable solution to this fixed-point problem. We write € (1) to emphasize
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that this solution depends on the degree of segmentation .

Understanding how €2 (1) varies as a function of p. We first want to understand how this
solution € (u) varies as a function of p. Clearly, Q2 (1) is positive definite. However, we are interested
in understanding when/whether €' (1) = 9 (u) /Ou is itself a positive definite matrix.

Letting )
Q(p) =7 [ul [diag (V ()] "+ (1—p) V(n) ']
and
V(1) = Vi + (@ (1) 0 Z) S, (2 (1) o Z)

denote the equilibrium return-impact and variance matrices when fraction p of investors are specialists.
Using the rules of matrix differentiation, we obtain:

Q) = {2 [V(u)_l—ﬂ[diag(V(u Q) (64)
)

i pIT [diag (V ()]~ [dlag(V ()] [diag (V ()]
+{”“”[ AWV )V )V () }”wﬁ

where

V' (1) = (' (1) 0 Z) By (2 (1) 0 Z)' + (2 (1) 0 Z) B, (' (1) 0 Z)' . (65)

Below, we will show that V (1) "' —II [diag (V (1))] " is also positive definite, immediately implying
that the first matrix in curly braces in equation (64) positive definite. This means that €' (1) must
always be positive definite in the absence of supply risk. Furthermore, by continuity of the stable
equilibrium in the model’s underlying parameters, €' (1) must continue to be positive-definite when
supply risk is small (X is small).

Furthermore, if V' (1) in equation (65) positive definite, then the second matrix in curly braces
in equation (64) is also positive definite. Since the sum of positive definite matrices is also positive
definite, this means that €2’ (u) is also positive definite. (If V' (u) is positive definite, then we have
OV ary[ra}i,]/Op > 0 for any arbitrary bond portfolio p; # 0 with returns ra}}, = pjrx,;;—i.e., return
volatility is increasing in p).

In our numerical solutions, we find OV ary[ra}i,]/0p > 0 for any portfolio rz}, = pjrx,.; so long
as 02, and ¢, have a similar order of magnitude. However, OV ar;[rz¥ Jr1]/ O can be negatlve when
o2, and o?, have different orders of magnitude. For instance, suppose ¢, > 0 and ¢2, = 0. Then
Varral |p = 0] > Varyrz], ,|pp = 1] since FX supply shocks raise the volatility of bond returns in
integrated markets (1 = 0) but not in fully segmented markets (1 = 1). As a result, there exists some
p* € [0,1] such that OVar[ray ,|p = p*]/Op < 0.

Proof that €' (u) is positive deﬁnite in the absence of supply risk. We now show that
[V-! —II[diag (V)] '] and therefore € (1 {TQ ) [V™! — I [diag (V)] '] 2 (1)} is positive def-
inite in the absence of supply risk (X, = 0) This is actually true for any positive-definite covariance
matrix V and any diagonal, positive-definite matrix IT such that trace (IT) = 1.

Here will simply prove this for the special case that is relevant for us in the paper. We write
V = STI'S where S is a diagonal matrix with the standard deviation of excess returns on its diagonals
and I is the correlation matrix for the excess returns. Since

V! —I[diag (V)] ' =S (! —11)s™*
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it suffices to show that I'"' — IT is positive definite. We have

Loy, m 0 0
r'—-m=\|1|v, 1 -, -0 =7 0
Yo —Vg L 0 0 1—-2m

where m € (0,1/2) and v, € (=1,1) and v, € (=1, 1).

We begin by noting that, since I' is positive definite, the eigenvalues of I' are positive. The
eigenvalues of I' are 1+ 7,, 1 — 37, + /872 + 12,1 — 37, — /872 +72. Thus, we have 2 — v, >
V8 > — (2- fyy). The fact that 1 — 37y, — 3./872 + 72 > 0 also implies that 1 —~, — 272 > 0.
We will use this fact repeatedly below.

Next, the three eigenvalues of I' ™! — IT are:

1 [1+7T(17’yy)+(177r)273]+\/[1+7r(lf’yy)+(177r)2’y(21]2787r(17'yy7273)(1771'(177?})772(1727r))

2 I—v,—272 > 0.

1. )\1:

e As noted above, we have 1 —~, — 272 > 0.
e We also have 1+ 7 (1 —7,) + (1 —m) 292 > 0.

e Since I'"! — IT is symmetric, the eigenvalues of I'"! — IT are real-valued. Thus, the term
under the radical is positive.

e Together, these three facts imply that A; > 0.

[1+7r(17’yy)+(177r)2'yg]7\/[1+7r(17'yy)+(177r)2'y(21]2787r(17’yy7273)(1771'(17'%)f'yg(lfQﬂ))

> 0.
1—'yy—2'yg

2. Ay =

N[

e In addition to the facts listed above, this follows from the fact that
8r(1—v,—292) (1—7(1—~,) =72 (1 —2m)) > 0.

Specifically, (1 S 273) > 0 and, since v, € (—1,1), (1 - (1 — fyy) — fyg (1-— 27T)) >
(1 —2m) (1 — ’yg) > 0. Finally, since for X > 0, Y > 0, and X? —Y > 0 together imply
X —VX?2-Y >0, we conclude that Ay > 0.

3. A = (1—7m—my,) > 0.

e This follows from the fact that 1 — 27 > 0 and v, € (—1,1) which together imply that
l—m—my,>1-21>0.

Interpreting €' (1). To interpret €' (1) in equation (64), we note that increasing y—i.e., further
segmenting the global rates markets—has two direct equilibrium effects. First, as we increase u, risk
sharing becomes less efficient because fewer investors can absorb a given supply shock. For instance,
the fraction of investors who can absorb a shock to domestic bond supply is um + (1 — ), which is
decreasing in p. This gives rise to the “inefficient risk-sharing” effect. Second, as we increase u, we
replace global bond investors whose demands take the correlations between the three carry trades into
account with specialist investors who, taken as a group, behave as if the three carry trade returns are
uncorrelated. This gives rise to the “width of the pipe” effect: price impact is only transmitted across
markets to the extent there are investors—“the pipe”’—whose demands are impacted by shocks to
other markets. Finally, there is a third indirect effect of increasing segmentation. To the extent that
greater segmentation directly alters the price impact of supply shocks, greater segmentation affects
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equilibrium return volatility, further altering equilibrium price impact. This is an “endogenous risk
effect.”
Thus, we further decompose Q' (1) into three terms

QL) vine (1) = Inefficient risk sharing effect

A\

() = {7Q(p) [[diag (V (n)] " — IT[diag (V (1))] ] 2 (1)} (66)

Q;ipc(,u,) = Width of pipe effect

17 () [V ()" — [diag (V ()] '] Q2 (1)

Q... (1) = Endogenous risk effect

~ ™~

AL ding (V (1)) " [ding (V' (1)) (diag (V ()] °
+{T“ M SO @)V () IV )V () ]““‘)}'

First, if the mass of investors who could buy each asset were independent of y—i.e., if we instead had
IT =1, we would have € ;.. (1) = 0. Second, if assets returns were uncorrelated—i.e., if we instead
had V (u) = [diag (V (12))], we would have €2, (1) = 0. Finally, if there was no supply risk—i.e., if
V'’ (p) = 0, then would have Q2 () = 0.

Letting w” = vec(Q"), we can this of our equilibrium as a fixed-point problem in w

*

w'=f(w*,u).
Thus, by the Implicit Function Theorem, we have

ow*

o

= I = Dof (W )] [Of (@) /On]

where D, f (w*,t) is the Jacobian matrix. Assuming we are at a stable equilibrium, we have [I — D, f (w*, M)Tl =
> o [Duf (w*,p1))’, so we have

Ow*[Op = 52, [Deuf (w* )} [OF (w* ) /Ou]
= [0f (w*,1) /O] + [T = Dyf (w”,1)] ™' Do (1) [OF (w 1) /Op]
where
OF (w*,p1) /Op = vee (T () [V (1)~ — T [diag (V (1)] 7] (1)) = vee (iuing (1) + Qe (1)) -

In the absence of supply risk (X, = 0), Do, f (w*,1) = 0 and dw* /O = vee (i, (1) + e (1))
In the presence of supply risk, D, f (w*,1) # 0 and

Direct effects Endogenous risk effect: Amplifies direct effects
7\

A

7~ Y

aw*/a:u - ;ec[ﬂgharing (M) + Q, (/’Lﬁ + [I - Dwf (w*7/1“)]_1 Dwf ((.d*,,u,> Uec[ﬂgharing (,LL) + Q, (M)]

pipe pipe

Thus, there is a clear mathematical sense in which the endogenous risk effect amplifies the two direct
effects of a change in u.

How individual elements of €2 (1) behave as a function of p.

Diagonal elements of € (u) and Q' (u). Recall that the diagonal elements of a positive-
definite matrix are positive. Then the facts that 0E,[rzy, |/0sf = Qe > 0 and O*Eyfray,|/0siop =
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0Q4a/Op > 0 for any a € {y,y*, ¢} when supply risk is small follow immediately from the facts that
both € (1) and €' (i) are positive-definite.

Off-diagonal elements of 2 (1) and €' (). Again, we consider the limit with zero supply risk.
We show that for any a € {y,y*,q} and @’ # a, |Que (1) = [0F[rat,,]/0s¢ | is hump-shaped function
of 11 that satisfies [, (0)] > 0 and Qe (1) = 0.

The shape of |Q,. (1)| reflects the juxtaposition of an “inefficient risk-sharing” effect which is
typically increasing in p and a “width of the pipe” effect which is typically decreasing in u. In certain
special cases, we have shown that the “inefficient risk-sharing” effect is always increasing in p and a
“width of the pipe” effect which is always decreasing in u. For instance, these results hold in a model
like ours if (i) there are an equal number of specialists in each asset and (ii) the returns on all assets
have the same correlation with each other. However, while these results typically hold for a randomly
chosen correlation matrix and a Il matrix, counterexamples are possibility.

We assume that V is fixed—i.e., we ignore the endogenous risk effect—and adopt the notation that
V = ST'S where S is a diagonal matrix of standard deviations and I' = S™'VS™! is the correlation
matrix. Using this notation, we have

-1

Qp)=7'S [pII+ (1 —p) TS,

and
Positive-definite
Q) = 7S+ (1— T [ -] W4 (1- )T 'S
Positive-definite
Qpring (1) = 7S [+ (1— )T I-M] [+ (1 —p) T
Indefinite
-1

’ -1 1711 -1 -1
Qo) = 778 [pll+(1—p)D7' [0 =1] [plI+ (1 —p)T7'] S
Limit when ¢ = 0. When p =0, we have

Q(0)=7'ST'S and ' (0) =7 'ST [T —II| T'S.

Specifically, we have

, . mo (1 — ’7%2) + 73 (1 — 7%3) T3 (”212 — Y13723) , T2 (Y13 — Y12723)
Q0)=7"S 3 (712 - ’713’723) 1 (1 - 712) + T3 (1 - ’723) T (’723 - ’712713) S.
T2 (713 - 712723) ™1 (723 - 712713) T (1 - V%:a) + T (1 - 7%3)

Thus, the off-diagonals of €2 (0) have the same signs as the corresponding univariate correlations. And,
the diagonals of €2’ (0) are always positive and off-diagonals have same signs as the corresponding
partial correlations.

Limit when y =1. We have
Q(1) = 77'SI'S and ' (1) = 7~} (SIT) [T~ — M)(IT'S).

Using the properties of the inverse correlation matrix, we can show that the diagonals of €' (1) are
always positive and the off-diagonals have opposite signs as partial correlations. Specifically, we have
the following results:
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e Diagonals of [["'—TII| are positive: The i*" diagonal element of T' 1 is [[71];; = (I—Rﬁeg i on all /£

1, where R[?reg i on all it 18 the R? from a regression of the ith variable on all other variables. Since
IT is a diagonal matrix with diagonal elements strictly less 1 and the diagonal elements of I'™*

greater than or equal to 1, the diagonal elements of [I'"* — II] are positive.

o Off-diagonal elements of [I'™' — II] have signs opposite those of partial correlations: The off-
diagonals of II are zero, so the off-diagonals of [['™! — IT] are just the off-diagonals of I'"1.
The off-diagonals are I'"* are [[7!];; = —[T'1];; x bg.l] where by] is the regression coefficient on
the standardized version on variable j from a multivariate regression of standardized variable
i on standardized versions all other variables. In other words, we have (X; — E [X}]) /o [X;] =
D i b?] X (X; — E[X;]) /o [X;]+¢€.These bg?] are related to the coefficients from the more familiar
multivariate regression X; = >_.; ﬂg-i] X X; +¢; via By] = (o [Xi] Jo [X]]) x bgﬂ. Thus, we have
;= —ﬁg.i] (o [X;] /o [Xi]) [T iuso [T71];; has the opposite sign as Bgﬂ.

For instance, for a 3 x 3 correlation matrix, we have

1 - 733 - (’712 - 713723) - (713 - 712’723)
1 Y s -1 - (712 - 713723) 1- 7%3 — (723 — 7212713)
Yo 1 os _ L~ (Vi3 = Y12723)  — (Y23 — Y12713) 1 —71,
Y13 Y 1 1 =93 — 735 — V33 + 2712713723 ’
13 V23

where det (T') = 1 — 72, — v33 — 733 + 2719713793 > 0. So we have

1 _ _

17 [ Y12 — V13723 (1] _ 713 — V12723

[F ]11 B 1— ’7%2+’Y%§*1::’212713’723 ’ b2 o 1-— 733 ’ and b3 1-— ’)/%3 ’
23

Global behavior of off-diagonal elements on ;1 € Using these facts, we can then characterize
the global behavior of the off-diagonal elements of €2 (1)

e We always have Q;; (1) = 0.

o If sign (v,;) = sign(vi}), then sign (Q; (1)) = sign (v,;) for all p € [0,1) and Q; (p) is a
hump-shaped function of .

— If v;; > 0, then Q;; () > 0 for all p € [0,1), 9Q; (u) /O > 0 for p near 0, and
0 (1) /Op < 0 for p near 1—i.e., ;; (p) is inverse U-shaped.

— If v;; < 0, then Q;; () < 0 for all p € [0,1), 9Q; (1) /Op < 0 for p near 0, and
0 (1) /O > 0 for p near 1—i.e., a Q;; (1) is U-shaped.

o If sign (%-j) #+ sz'gn(yf;), then sign (;; (1)) = sz’gn(yij) for p near 0, sign (Q4; (1)) = sign(yf;)
for p near 1, and €;; (1) is again a hump-shaped function of .

— If v;; > 0 and v}; < 0, Q45 (1) > 0 for p near 0, € (1) < 0 for p near 1, 9Q;; () /Op < 0
for p near 0, and 0€;; (1) /Op > 0 for p near 1—i.e., ;; (p) is U-shaped.

— Ify;; < 0and v}, > 0, then Q; (1) < 0for pnear 0, Q5 (1) > 0 for pnear 1, y; (1) /Op > 0
for p near 0, and 0€;; (1) /Op < 0 for p near 1—i.e., €;; (p) is inverse U-shaped.

o If 47 =0, then sign (Q;; (1)) = sign (v,;) for all x € [0,1) and |Q;; ()| is a monotonically
decreasing function of p.
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Checking that univariate correlations equal partial correlations in our model when
there is no supply risk. We now check that sign (%-j) = sz’gn(vf; ) in our model when there is no
supply risk. In the absence of supply risk, we have:

2 2
s 2 5 2 51 2
(1—5@) i <1—6¢i> Pai o5 -, (17)
2 2
— d 2 [ 2 9 1 2
V= <1_5¢.> po; (1_5¢,.> g; T 16,1-9,%1 (1_10)

2
Skt (1-p) — ot (1-p) ok + () 202 (1-p)

e Domestic bonds: The partial correlation of domestic bonds with foreign bonds and FX are
proportional to the regression coefficients:

B 2
) 2 ) 2
(1—6@-) 7i ~T g0 (10) (ﬁ) po;

[ 1 2
155 12508 (1=p) 0 + ( ! > o7 (1-p) 55 7501 (1=p)

_ 'gq,]_ (-0 [(1(7»]
5156 (=) + (- o) S50

These have the same signs as the univariate covariances:

5\ 2
175¢> po;

R
166, 1-9,7 <1p)

e Foreign bonds: The partial correlation of foreign bonds with domestic bonds and FX are
proportional to the regression coefficients:

- 2 ~1
b 2 5 2
(PM>0i =57, 1,7 (1=7) (f%)pﬁ

5
| 1 fw —4,7 o7 (1=p) Ug‘x’ 1j¢i) 207 (1-p) T 15, 1I—- ¢> a; (1—p)

i
_ | }_¢.] - (=) [ (15—?)] ~
] G-+ -6’ [0

These have the same signs as the univariate covariances:
5\ o
1— 5¢7 po;
o
T 104, 1- ¢ (1 p)

e Foreign exchange: The partial correlation of foreign exchange with domestic and foreign bonds
are proportional to the regression coefficients:

2 2 -1
5 2 5 2 5 1-0¢;
() ot () oo [15¢1¢ - m] [éu_@%]

2 2 5 (1-0¢;)
(1—%@-) po; (1—%@-) o} o 10,0 (177) o(1=¢s)

44



These have the same signs as the univariate covariances:

)
[ 1,5@1%@0? (1_p) ] '

)
— 5512001 (1=p)

Intuition for why cross-market price impact is hump-shaped. In fully integrated markets,
price impact is determined by univariate correlations (univariate regression coefficients). In partially
segmented markets, both univariate correlations and partial correlations (multivariate regression coef-
ficients) matter. And, of course, the distinction between univariate correlations and partial correlations
only arises once there are N > 2 assets.

When p — 1, impact of a long-term domestic supply shock on long-term domestic returns is very
large. Because of the strong hedging opportunities afforded by the opportunities to hedge in multiple
asset classes, the small number of generalists trade quite aggressively, taking large short positions in
foreign bonds and FX. These large positions have a large impact on prices in these markets. As markets
become more integrated (yu falls), the impact on long-term domestic returns falls and generalists take
smaller short positions, leading impact on foreign bonds and FX to decline.

As we increase pu, fewer investors can absorb a given supply shock. This inefficient risk sharing
effect means that supply shocks have a larger impact on returns. At the same time, as we raise u the
width of the pipe effect means that price impact is more localized in the specific asset class where the
supply shock lands. When g is near zero, the inefficient risk sharing effect dominates, so cross-market
impact increases in pu. When g is near 1, the width of the pipe effect dominates, so cross-market
impact declines with p.

What is the intuition for the fact that sign (Q;; (1)) flips if sign (v,;) # sign(y)? In
integrated markets (u = 0), the signs of cross-market price impact are determined by the signs of
cross-market return correlations. In partially integrated markets (1 € (0, 1)), partial-correlations—or
multivariate regression coefficients—also play a role. For instance, suppose that the returns on asset
1 is positively correlated with those on assets 2 and 3. However, suppose that if we run a multivariate
regression of 1 on 2 and 3, the coefficient on 2 is positive and that on 3 is negative.

Suppose that there are initially very few generalists—markets are close to completely segmented—
and that there is a shock to the supply of asset 1. In highly segmented markets, this is going to have a
large positive impact on the expected returns on 1 and smaller impacts on those of 2 and 3. Following
the shock to the supply of asset 1, generalists want to go long 1 and to hedge this additional risk they
want to short 2 and go long 3. To induce specialists to take the other side in markets 2 and 3, the
return on 2 must rise and those on 3 must fall.

As we add more and more generalists who care about the comovement between the returns on
the three assets, the shock to the supply of 1 pushes up the returns on both 2 and 3. Thus, as the
number of generalists rises, the sign of the price impact on 3 flips signs. In the limit where everyone
is a generalist, the rise in returns guarantees that generalists simply absorb the shock to the supply of
1 without trading 2 or 3.

C.2 Adding unhedged bond investors

In our Section 5.2, we add bond investors who cannot hedge foreign exchange risk—i.e., investors
who cannot separately manage the FX exposure resulting from investments they make in non-local,
long-term bonds. We assume there are three investor types—all with mean-variance preferences over
one-period-ahead wealth and risk tolerance 7 in domestic currency terms—who only differ in terms of
the assets they can trade:
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1. Unhedged domestic investors are present in mass 17/2. They can trade short-term domestic bonds,
long-term domestic bonds, and long-term foreign bonds, but not short-term foreign bonds. Thus,
if they buy long-term foreign bonds, they must take on foreign exchange exposure, generating
an excess return of r:z:tyj;l + rzf,, over short-term domestic bonds.

2. Unhedged foreign investors are present in mass 17/2 and are the mirror image of unhedged domes-
tic investors. If they buy long-term domestic bonds, they must take on FX exposure, generating
an excess return of rxy,; — raf ; over short-term foreign bonds.

3. Global bond investors, present in mass (1 —n), can hold short- and long-term bonds in both
currencies and can engage in all three carry trades.

Unhedged investors will exhibit home bias in equilibrium. For instance, since an FX-unhedged
position in long-term domestic bonds is always riskier than the FX-hedged position, it is particularly
risky for foreign unhedged investors to invest in domestic bonds. Thus, relative to global rates in-
vestors and domestic unhedged investors, foreign unhedged investors face a comparative disadvantage
in holding long-term domestic bonds.

C.2.1 Details and solution

Unhedged domestic investors Unhedged domestic investors are present in mass 7/2. They can
trade short-term domestic bonds, long-term domestic bonds, and long-term foreign bonds, but not
short-term foreign bonds. Thus, if they buy long-term foreign bonds, they must take on foreign
exchange exposure, generating an excess return of rxf_?l + raf,, over short-term domestic bonds.
Specifically, if unhedged domestic investors have a demand sz’;’t for foreign long-term bonds, then their
holdings of the foreign yield curve trade and the FX trade are df;, = b}y, and df, , = bY;,. So we have

dyD’t 10 b
dp, = d%*,t =0 1 {b:ﬁ’t} = Hpbp,
qu’t 01 Dy

Unhedged domestic investors choose their demands bp; over returns

Yy
rT
y t+1
- TT{ 100 R R
IXDit+1 = y* q = Tz | = Hprxep
Ty T 01 1 -
t+1

Solving

T

/ /

l’tl;la,X {bD,tEt [rXDﬂH_l] — §bD’tVa7”t [I'XD7t+1] bD,t} .
Dt

Thus, we have

bp: = 7 (HpVar [rx;1] HD)_l H, E; [rx;41]
{(Vq —2C,+V,) - Ey [Txf-s-l} —(Cy+Cy) - Ey [Txfil + Txg-yl}}
—(Cy + Cy) - Ey [raf ] +V, - By [rafly + raf ]
V;/ (Vq - QOq + Vy) - (Oq + Cy>2

= T
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This implies that

dD,t = THD (H/DVCLTt [rXt+1] HD)i1 H/DEt [rXt+1]
(Vg —2C, +V,) - E; [T‘r%+1} —(Cy+C,y) - E; [Txﬁl + TIZJFJ
—(Cy+Cy) - By [ral | +V, - By [rali, +raf,
—(Cy + Cy) By m%ﬂ +V, - E "’xﬁl + Txg+1
Vy (Vq - 2C(q + Vy) - (Oq + Oy>2

Unhedged foreign investors Unhedged foreign investors are present in mass /2 and are the mirror
image of unhedged domestic investors. They can buy long-term foreign bonds, long-term domestics
bonds, but not short-term domestic bonds. Thus, if they buy long-term domestic bonds, they must
take on FX exposure, generating an excess return of ray ; — raj,; over short-term foreign bonds.
Specifically, if unhedged foreign investors have a demand b?j;;t for domestic long-term bonds, they

we will have d., = b}, , and df,, = —b%,. So we have
al [0 g
dF,t = d%t = 0 1 {b}ff} = HFbF,t
| |1 o LR

Think of unhedged foreign investors as picking demands bp; over returns

)
rT
Yy q t+1
x _|rxg, —rxy,| (10 —1 v | - Horx
Fil = rad* 1o 1 o [™err| = BrfXen
tH 7"55?+1

Thus, unhedged foreign investors solve

-

/ /

max {bF,tEt [rXp 1] — §bF,tVC”’t [rXp 1] bF,t} .
F\t

Thus, we have

br, = 7 (HpVar, rx.0])Hp) ™ HpE, [rx,11]

[ Vy - Ey [Tx%’+l - T{gﬂ] —(Cy+Cy) - By [Tx?il] }

(Vg —2C,+V,) - Ey [ngﬂ} — (G +Cy) - By [Tﬁﬂ - ngﬂ}
V;J (Vq - 2Cq + Vy) - (Oq + Oy>2

and

drp: = 7THp (HEVary [rx4] HF)il H By [rx41]
Vy - Ey [rxi’ﬂ - T{gﬂ] —(Cy+Cy) - By [Txﬁl]
(Ve =20, +V,) - E [rxty—i-*l} —(Cq+Cy) - Ey [TI%—H - rmg—l—l}
(Cy+C,y) - E, [miﬂrl} -V, E [rxf;’H — rfo]
Vy (V;] - 2011 + V;/) - (Cq + Cy)z

Global bond investors Global bond investors, present in mass (1 — 7), can hold short- and long-
term bonds in both currencies and can engage in all three carry trades. Thus, global investors have
demands

dg: =71 Var [rxt+1])_1 E, [rx44]
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Market clearing and solution Letting V = Var, [rx;,1], the market clearing condition

St = ng,t + ng,t + (1 —n)dgy

- gTHD (H, VHp) "H, E, [rx,1] + gTHF (H, VHp) "HLE, [rx,41] + (1 — ) 7V B, [rx441] |

so we have

-1

Eyfrxea] = 77 (G Hp (HRV () Hp) ™ Hy + JHp (HEV()H) 7 Hy 4 (1-n) V)] s

Fixed point problem The fixed point for A is
-1
A= {71 (g ‘Hp (H,VHp) "H/, + g ‘Hp (H, VHp) "H, + (1 —17) V*1> S, — Rll ?[BoE + B,E®]

where @ denotes element-wise matrix division (i.e., Hadamard division) and
V =B;AYA'B].

We can think of equilibrium as a fixed point problem involving the return impact matrix, @, that
maps changes in asset to supply to shifts in asset returns—i.e. E; [rx;,1] = ©s;. This return impact
matrix is given by

—1
© = 7" (§Hp (H,VHL) ' Hy, + [Hy (HpVH:) Hy - (1-7)[V]")

Since A; = © © Z; where Z; = [BoE + B1E®] [375], we have
V=V, +(BO0Z)E,(BIO0Z,) =V, +ZoOX,007Z,

where Z satisfies (B1® @ Z;) = © o Z. Even though © is symmetric, Z is not, so © o Z is not
symmetric. Thus, the relevant fixed point problem in ® is
TH, (H), [V + Z 0 ©%,0 0 ZHp) 'H), \
©=7"| +iHp (HR[V,+Z0oO%,00Z|Hy) 'H
+(1-n)[Vi+Zo®X,080Z]"

As always, we focus on the unique stable solution to this fixed point problem.
Trading behavior Writing out ®, we have

-1
©=r1 (gHD (H,VHp) " Hp, + JHp (HpVEy) ™ Hy + (1 - 1) v
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Thus, we have

d _
I + aaSD’t = 7H, (H,V(nHp) 'H,,0,
t
d _
T # aaSF’t — 7Hy (H.VH;) ' H}.0,
t
ode, .
I !t Vle
# s~ :

so the first part of the Proposition follows trivially.

Understanding how O (1) varies as a function of 7. We first want to understand how this
solution © (1) varies as a function of 7. Clearly, ® (n) is positive definite. However, we are interested
in understanding when/whether ®' () = 00 () /0n is itself a positive definite matrix.

We have

© (1) = 7" (§Ho (HV (/) Hy + JH (HV ()H,) B+ (1= ) Vi)™

This implies that

Hp (H, VO)H,) ) ~ JHr (B, VO)H,) " Hy b0 (1)

DN | —

o) = 7@<n>{w<m]1—
THL (H V(1) HL) ™ (), V/(r)HL) (), V

470 (1) | 4 (V0 ) (V) HL) () V

(=) VO V) VL

H )~ HY,
nH,) 'Hy | ©(n).  (67)

H/\d

As above, we assume that FX rates are subject to some FX-specific fundamental risk, so V! exists
even in the absence of supply risk. In this case, we can show that {V~' — {H, (H,V(n)H L) TH), —
+Hy (H,VH #) "H.} is positive semi-definite, immediately implying that the first matrix in curly
braces in equation (67) positive semi-definite. This means that ®' (1) must always be positive definite
in the absence of supply risk. Furthermore, by continuity of the stable equilibrium in the model’s

underlying parameters, ®’ (1) must continue to be positive-definite when supply risk is small (3 is
small).

Proof that ©' (n) is positive semi-definite in the absence of supply risk. To prove that
{V-1-IH)p (H,V(n)H,) " H), — iHp (H,.VH;) ' H/,} is positive semi-definite it suffices to prove
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that [Hp (H,V(n)H,) " H), + THp (H, VH;) 'H/]"! — V is positive semi-definite.!* We have

1 _ 1 _
5HD( ' 'VHp) ™" ’D+§HF( ' VH;) 'H/,

1 (Vy ZC’Oq) ‘g%vq ( - Ocq"; Oyl) _1%((0011 +OC:L/ + sz,)
— — + — + =V, s + +V,
Vy (Vy + Vg —2C,) — (Cq+0y)2 —% (C'q—({]—C'yj—V;,) % (yC'q—l-qu +2V;,q) Y V;Jy ’

Thus, we have
-1

1 - 1 _
5HD( ' "VHp)™! ’D+§HF( 'VHp) 'H,| -V

[ C2420,Cy+2CVy+C2—V2—VyVy  C2-2C,Cy—2C,Vy—C2+V,Cy+ V2 (C, + V)
) Yy

Vg—2Cy—4Cq+2V, Vg—2Cy—4Cq+2V,,
— 072040y —2CqVy—Co+VeCy+V,}  Ca420,Cy+2CVy+Cp -V -VoVy (C Ly )
Vy—2Cy—4Cq+2Vy, Vy—2Cy—4Cq+2V, Y Yy
(Cy + Vy) B (Oy + Vy) 2 (Cy + Vy)

The eigenvalues of this later matrix are:
1. Ay =3(V, +C,) > 0. The inequality follows from the fact that (V,, + C,) > 0..
2. Ay = [Vq (Vy - Cy) - 203]/[2 (V;J - Cy) + Vq - 40(1] > 0.
e Since V is positive definite, we have det (V) = (C, +V,) (V, (V, — C,) — 2C2) > 0. Then,
since (Cy + V) > 0, we have V, (V, — C,) — 2CZ > 0.
e Since V is positive definite, we have 2 (V,, — Cy)+V,—4C, = Var [(ral;, — ral,)) +raf, ] >
0.
3. A3 =0.
Thus, we conclude that {V~!—1H} ( LV (n)H,) T H), — sHp ( '"VHy) ' H)} is positive semi-
definite.

How individual elements of © (1) behave as a function of 7. We consider the special case
without supply risk. Here we have

2 2
5 2 s 2 s 1 2
(1*5%‘) i (1*5@') Pai 1-6¢; 1—9¢; i (1_p)
2 2
_ 5 2 B 2 51 2
V= (H@-) Pai (Hqsi) i “a e (70|

2
a1 —irol Uon) o+ () 2ty

which is independent of 7. Assuming 0« > 0, V is positive definite and we have det (V) > 0. We
have
-1

© (n) = 7" (3Hp (HpVHD) " Hp, +  Hy (H VHy) " Hy + (1 - ) [V] ™)

13 Suppose that A and B are positive definite matrices. If A < B, then B~! < A=1. (We use A < B to mean
that (B — A) is positive-definite.) Similarly, if A < B, then B™! < A=, (We use A < B to mean that (B — A)
is positive semi-definite.) To prove this claim, first note that A < B == CAC’ < CBC' for any conformable matrix
C. Second, note that I < B = B~! < I. To see this, note that B~! = B~1/2IB~%/? < B-1/2BB~"/? = I. Third,
note that A<B =>0<B—-A = 0<AY2(B-A)A Y2 = 1<A?2BA~Y2 Thus, we have AV/2B~1AY/2 =

—1
(A*l/QBA*I/Q) < 1. Finally, we have B-1 = A~1/2(A1/2B-1AY/2)A~1/2< A~V2(1) A~ /2= A1,
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© (n) is positive definite and @’ (n) is positive semi-definite.

Diagonal elements of ©' (1) Since @’ (1) is positive semi-definite, it follows that @’[171] (n) >0,
Oy (1) >0, Oy 5 () > 0 for all 7.

Computing © (1) — © (0) = fol ©' (n)dn. We have

Vy Cy Cq
e0w=r"c, Vv, -C,l,
Cq _Cq Vq
and
3V242V,V,—C2-2C,Cy—6C,V,—C2—-2C,V, (Cy+Cy—Vy)?
) ’ = 2(€/y—CZ)qu—Z§: : — ) _2gvy_qcy)z_vqy_4cq , Cq + (Vy + Cy)
=7 (Cq+Cy—V3) 3V242V, Vy —C2—2C,Cy—6C, Vy—C2—2C, V,
=7 TV, -0,) V-G, T eogiag, . CGa— B+ G)
Cq_"(%"'cy) _Cq_a/;/—}_cy) ‘/11+2(‘/11+Cy)
Thus, we have
Vy (Vy+Vy—2C,)—(Cy+Cy)? (Cy+Cy—Vy)?
) Ve VAT, T aWVe—2C, -4, C;y Cy +Vy + - +
_ =7 (Cq+Cy—Vy) Vy (Vy+Vy—2C4)—(Cy+Cy) _ _
OM) =0 0) =77 | bl — ¢, WM CIAl —(C,+ V)| < |-+ —|
Cy+Vy —(Cy+Vy) 2(,+C)) F 7
which follows from the facts that
2 2
2 5 2 2 4 (1-6)" 1-p?
Vy (Vy + Vg —2C,) — (Cy + Cy>2 _ Tq (1*5‘151') oi +070; (1—¢;)° (1-5¢,)* >0
2(V, —Cy)+V,—4C B 2 :
(Vy =G+ Ve q 02 +207 (1 —p) (1%5@_1—;@)
026(1-5)(1—p) >2 )
(GG =)t oo _ ((1—@-)(1—6@)2 B ( g ) po? <0
2V, +V, —2C, — 4C, Y 1 — 66 L
VGG o+ 202 (1) (i~ 5 "

5 2
V,+Cy = (1—5¢~> o (1+p) > 0.

Computing ©’ (0). Compute derivative at 7 = 0 where © () = 77!'V. We have

1 _ 1 _
o' 0) = Vv [Vl—éHD (H,VH)p) 1H'D—§HF (H-VHF) 1H};1V
+ 0 +
x [0 + —
+ -+

1
2

1

1 (Cy + V;J) (‘/:1 (V;/ B Cy) B 203)
(Cq + Cy)2 + % (Vy + Vé - 2Cq)

Ni= O

N[ =

Y

= O N

1
2

which follows from that facts that (C, +V}) (V, (V,, — C) — 2C2) = det (V) > 0 and V, + V, — 2C, =
Var [raf  —ral,] > 0.
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Computing ©' (1). Compute the derivative at n = 1. We have

V242V, Vy—C2—-2C4Cy—6CqVy—C2—2C,V, (Cq+Cy—V,)?
O(1 1 y 2(€/y(ccy)c+quﬁ2cq y 3V2+2V,V, _C%gVyQéCgixgqg Z%/Cq Cc2-20,V, Cq i <Vy i Cy)
=7 +Cy— —C%— - -C2—
(D)= (V=0 1V, —4C, ——sieimao,———— —Co—(Vy+Cy)
Cq+(‘/2/+0y) _Cq_a/;/""cy) Vq"‘2(Vy+Cy)

We have
(Cy + Vy) (Vy (Vy + Vq _ 2Cq) B (Cq + Cy)Q)
| (V;J B Cy) - 203
(G + V) (Var lraf | Var [rafi, + ral, ] — (Cov [ra y, rafl, + r:cfHDZ)

- ) 0.
’ V,(V, - C,) — 202 ~

Of course, we have ©f; ) (1) = O 5 (1) = —O[3, (1) = =6, 5 (1). We also have

Oy (1) = —477! (03 26,y + 20,V + Gy~ V) %%)2 (C = 2C,Cy = 264V, = G+ ViCy + V)
o Vy—2C, —4C, +2V, (C, + V) (V, (V, —Cy) —2C?)

Thus, @/[271} (1) has the opposite sign of

2 _ 2 2
>p05+5204(1 0" 1—p

Cg _ 2Cqu _ QCqV;J — Cy2 + Vqu + Vy2 = o'goo < i (1 — ¢)2 (1 - 5¢)4 >0

5
1-06,

)

Thus, we have @/, ;) (1) < 0. In summary, we conclude that

®’ (n) for n € [0,1] Although the algebra gets extremely messy, we can show that

+ - 4+
O |- + —
+ -+

for n € [0, 1]. For simplicity, we show this explicitly below the case where § — 1.

Computing lims;_,; ®' () We now compute the result in the limit where 6 — 1. This limit—the
limit where the duration of long-term bonds becomes infinite—simplifies the algebra considerably, but
does not change the underlying economics. We have lims_.; @ (n) = 0 [lims_1 © (1)] /On. We now
compute lims_; © (n).

9 of 2—n—np? 4po? 1-n 202(1-p) 1
(1—¢2¢)2 4—4n+n?(1-p?) (1—<;Sé)2 4—477+n2(1—202) (1—2@(51-)2 )2—n—np
. _ 1| _Apoi 1-n i 2-n—np _20i(=p) 1
(lsl_fg ©Mn=r1 (1—¢,)2 4—dn+n?(1—p?) 2(1_@)2 4—4ntn2(1—p2?) (1-6,)% 2—n—np
202(1—p) 1 _20’22(1—0) 1 (4‘7?(1_9)4‘20’300 (1_¢i)2)_710300(1+P)(1_¢i)2
(1-¢;)% 2—n—np (1-¢;)% 2—n—np (1-¢;)*(2—n(1+p))
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Differentiating the above result, we see that

. / o a .
lim© (77)_3_773;13%@(77>“
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